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A series of repeated pulses and delays applied to a spin system generates a steady
state. This is relatively easy to calculate for a single spin, but coupled systems
present real challenges. We have used Maple, a computer algebra program to calculate one- and two-spin systems symbolically, and larger systems numerically. The
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as a function of irradiation strength, coupling constant, and chemical shift difference.
The calculations on three-spin and larger systems reproduce and extend previously
published results. In this paper, we have shown that the approach works well for
systems in the literature. However, the formalism is general and can be extended
to more complex spin systems and pulses sequences.
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Introduction

Part of pulsed NMR can be considered a set of methods for creating “interesting” spin density matrices. The density matrix, and its time dependence,
contain all possible information about the spin system: both the experiments
and their theoretical analysis involve manipulations of the density matrix to
extract the information we need. In the majority of cases, we assume that the
spin system starts at equilibrium, then we apply a series of pulses and delays,
and acquire our data. This is not the case in MR imaging, in which steadystate methods have become widespread. The goal of this paper is to derive and
test methods for applying these steady-state methods to much more complex
spin systems.
Steady-state in this context means that the spin system is subjected to a
continual series of pulses, delays and data acquisition periods. Rather than
the spin system returning to equilibrium after each acquisition, it is kept in
a potentially more interesting steady state. Both the pulse sequence and spin
relaxation determine the state, whereas relaxation is much less important in
standard pulse sequence design. In medical imaging, these steady-state methods lead to much faster acquisitions [1,2,3], even to real-time images. Since
the bulk of this work is aimed at anatomical or relaxation-weighted images,
most of the analysis of steady-state experiments has been based on a single
spin system, which can be described by the Bloch equations [4,5,6,7,8].
The goal of this paper is to explore steady-state methods in systems of coupled
spins. Homonuclear spin coupling remarkably complicates the spin dynamics
of these systems, but modern methods, such as Liouville-space techniques
and computer algebra programs can make this manageable. One aspect of
the steady-state free-precession (SSFP) method has already been analyzed
and applied to coupled spin systems, in the form of continuous wave (CW)
methods [9], which are the limit of the SSFP technique. In SSFP, short pulses
are alternated with small delays during which a data point 1 is acquired. The
radio frequency power of the pulse, averaged over both the pulse width and the
delay, becomes the analogy of the CW power. As the transmitter frequency is
swept, a spectrum identical to the CW spectrum is obtained, in the limit of
low power and short delay.
At higher power, a CW spectrum of a coupled spin system will not only show
the expected saturation broadening (as in a single spin case), but it will also
produce multiple-quantum peaks [10]. If we have two spins, then at sufficiently
high power, a sharp peak at the average of the two Larmor frequencies will
appear in the CW spectrum. Further power increases will broaden and saturate
1

In MR Imaging, multiple points are acquired, but we frame the discussion in
terms of NMR spectroscopy without gradients in this paper.
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this line. The approximate behaviour of multiple-quantum transitions in a
two-spin system has been derived theoretically [11], and three-spin systems
have been treated numerically [12,13,14]. We can use the established SSFP
analogy and the multiple-quantum work to validate and test our more powerful
approach.
In this paper, we re-derive the formal set of equations in Liouville space to
calculate the steady-state density matrix. We can include a continuous rf field,
to calculate the CW spectrum for any values of the parameters. However, a
much more powerful approach is to embed a pulse sequence into the formulation. The same formalism can then be used to calculate the steady-state
created by a more complex pulse sequence with explicit pulses and delays. For
this paper, we apply only the simple pulse-delay SSFP sequence, but there is
nothing in the theory that restricts us to this experiment. Future papers will
explore more complex pulse sequences.
For a single spin, the Liouville system corresponds to the Bloch equations,
and the calculations are easy. We use the computer algebra program Maple 2
to symbolically derive the CW solution. Next, we derive the symbolic SSFP
solution, and show how the pulse flip angle and the delay are combined to
provide the same effect as the CW field. This can be done exactly, or in an
approximate fashion, in which the delay is assumed to be small compared to
the relaxation times and the time associated with the offset between the rf
and the Larmor frequency. This approximate solution converges to the CW
solution, and represents the SSFP experiment.
For two spins, the calculation is considerably more difficult. As well as the rf
power, we now must consider the chemical shift difference and the coupling
constant. There are some approximate analytical calculations of the doublequantum intensity [11], which we are able to derive and extend symbolically.
We also use Maple to explore this spectroscopy numerically, in order to get a
feeling for how a coupled spin system responds. For three or more spins, symbolic calculations are out of the question, but numerical calculations are certainly feasible. Worvill [14] had looked at the response of a three-spin system,
in order to test whether it was sensitive to the exact nature of the relaxation
mechanism. This work was not pursued much further, but is an example of
what we wish to do in the future.
Finally, since the interplay of pulse sequence, spin system and relaxation behaviour is more complex than in standard pulse sequence design, optimization
methods will be applied in future work to improve the experiments. In this
way, we hope to find new and efficient ways of creating desirable (and perhaps
otherwise inaccessible) configurations of the density matrix by steady-state
2
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|0)

=

|1+1 )
|10 )

= −(Ix + iIy )
√
= 2Iz

|1−1 )

= (Ix − iIy )

Table 1
Spherical tensor basis for the Liouville Space of a single spin- 21 .

methods.
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Liouville Space Formulation

The density matrix encodes all possible information about a spin system and
the measurements we can make to extract that information. We use the Liouville space method [15] to represent the density matrix and determine solutions
of the continuous wave and pulsed NMR experiments.
In this paper, |0), |1+1 ), |10 ) and |1−1 ) represent the four observables for one
single spin- 12 system in the Liouville space, see Table 1, following the notation
of Bain [15].
These observables form a basis for a single spin system,
{|0), |1+1 ), |10 ), |1−1 )} ,

(1)

and combine to form bases for multiple spin- 12 systems by using direct products
of the single spin system basis.
The density operator is a vector in Liouville space and the equation of motion
for the density matrix vectors is expressed as
∂ρ/∂t = −iLρ − R(ρ − ρeq ),

(2)

where ρ is the state vector of the spin system and ρeq is the equilibrium state,
L is the Liouvillian matrix encoding information about Larmor frequencies,
chemical structure and couplings (if the spin system is multiple), and R is the
relaxation matrix. Please note that iLρeq = 0.
In the Liouville space, observables are detected by taking the dot (scalar)
product between two Liouville space vectors. This is equivalent to the trace
product in the operator formalism [15,16], i.e.
(P |Q) = trace(P̂ Q̂),
4

(3)

where on the left hand side, P and Q are Liouville Space vectors, whereas the
right hand side P̂ and Q̂ denote Hilbert space operators. We can only detect
the single quantum signal, which is |1+1 ) in our basis, representing the total
x-y magnetization precessing in the positive direction.

2.1

General Solution for the Continuous Wave Case

In continuous wave (CW) NMR experiments, a continuous radio frequency
field, B1 , is applied, making the evolution
∂ρ/∂t = −i(L + B)ρ − R(ρ − ρeq )

(4)

where B is the matrix for the effect of the rf field B1 . The next section will
give these matrices for a single spin system. Because |0), the total number
of spins, is a constant, we only consider the parts (|1+1 ), |10 ) and |1−1 )) of
these matrices in the computation. These components represent the x-y and
z magnetization.
At steady state,
∂ρ/∂t = 0.

(5)

Considering Eqs. (4) and (5), we get the general expression for calculating the
steady state:
ρSS = (i(L + B) + R)−1 Rρeq
(6)
We can solve the single spin system symbolically using Maple library functions.
For two-spin systems, such general methods fail, and we have written our own
Gaussian elimination procedures designed using knowledge of the structure
of the Liouvillians to keep intermediate symbolic expressions from exploding.
For arbitrary systems, we need to use numerical methods.

2.2

General Solution for the Pulsed Case

We consider pulsed NMR experiments composed of hard pulses and delays.
In the first case we can ignore precession and relaxation (L = R = 0), and in
the second there is no rf field (B1 = 0). We solve the corresponding reduced
systems separately.
The effect of a hard pulse is equivalent to a rotation of the reference frame.
A rotation for spherical tensors is defined by a special matrix called a Wigner
rotation matrix [17] and the direct product provides the rotation for multiple
5

spins. The following equation gives the effect of a hard pulse:
ρ+ = W (α)ρ−

(7)

where ρ− is the state before the pulse, ρ+ is the state after the pulse, W (α)
is the rotation matrix around the y-axis, α is the flip angle which is related
to the strength of the radio frequency field B1 . Hard pulses correspond to the
limit in which γB1 → ∞ and pulse width → 0, but the flip angle α remains
constant.
For short delays, we have the following approximation:
γB1 ≈

α
TR

(8)

where TR is the delay time.
Fig. 1 displays the simplest steady state pulse sequence. At each time point,

Figure 1. The simplest pulsed NMR experiment

we can calculate the spin states ρa , ρb , ρc , ρd . When the spin system is at the
steady state, ρa = ρc and ρb = ρd . We can use equations for the spin dynamics
to relate spin states in different repeat times, and then solve these equations
for the steady-state value. In this paper, the measured signal is ρb which is
corresponded to the echo signal in [18]. Gyngell [18] and Hanicke & Vogel [3]
discuss the solution of a single spin system at the time point a and b. In this
paper, we give a general full expression and general approximate expression
for an SSFP experiment on a system of n spins.
In order to calculate the spin states at different time points, we need to solve
Eq. (2). Considering the fact that iLρeq = 0, Eq. (2) can be reformulated as:
d
(ρ − ρeq ) = (−iL − R)(ρ − ρeq )
dt

(9)

So the principal solution of Eq. (2) is:
ρ(t) = e−(iL+R)t (ρ0 − ρeq ) + ρeq

(10)

where ρ0 is the state at time t = 0 which is the initial state when the delay
starts.
6

Based on Fig. 1, the states ρa , ρb , and ρc are related by affine equations:
ρb = e−(iL+R)TR (ρa − ρeq ) + ρeq
ρc = W (α)ρb

(11)
(12)

where TR is the repeat time—the time between successive pulses.
Because ρc is equal to ρa at the steady state, solving Eqs. (11) and (12), we
get the general analytic solution for SSFP experiments:
ρb = (1 − e−(iL+R)TR W (α))−1 (1 − e−(iL+R)TR )ρeq

(13)

where 1 is an identity matrix which has the same size as the Liouvillian matrix
and the relaxation matrix.
It is difficult to calculate ρb symbolically for a multiple spin system using
Eq. (13). We will give the symbolic solution ρb for a single spin system and
use Eq. (13) in the numerical computation for multiple-spin systems.
In order to analyze SSFP and discover the relationship between parameters
such as the repeat time, relaxation times, Larmor frequencies, and others, we
use the following equation to approximately calculate ρb when the repeat time
of pulses is very short:
ρb − ρa
(14)
∂ρ/∂t ≈
TR
Replacing the left side of Eq. (2), we get a new equation:
ρb − ρa
≈ −iLρb − R(ρb − ρeq )
TR

(15)

Solving Eqs. (15) and (12), ρb is expressed:
ρb ≈ TR (1 + (iL + R)TR − W (α))−1 Rρeq

(16)

The above equation is the general approximate expression for an SSFP experiment on a system of n spins. Comparing Eq. (13) and Eq. (16) , it is cheaper
to calculate ρb using Eq. (16) which does not require the computation of the
exponential of a complex matrix.

3

Solutions of a single spin- 12 system

Firstly, we list each matrix for a single spin system in our calculation. All of
these matrices are constructed in the basis Eq. (1).
7

The Liouvillian matrix of a single spin- 12 system is:


0 0 0



 0 ∆ω 0
L=

0 0 0





0
0
0

0 0 0 −∆ω











(17)

where ∆ω is the resonance offset (ω − ω0 ), and ω0 is the centre frequency.
The relaxation matrix of a single spin- 21 system is:




0 0 0 0 




1
 0 T2 0 0 

R=


0 0



1
T1

0 0 0

(18)



0 



1
T2

where T1 and T2 are the spin-lattice and spin-spin relaxation times.
The B matrix for the effect of CW acting on a single spin- 12 system along the
x-axis is:


0
0
0
0




0
− √12 γB1
0
B=

 0 − √1 γB
0
1

2


0

√1 γB1
2

0






1
√ γB1 

2


0

(19)

0

where γ is the gyromagnetic ratio and B1 is the strength of the radio-frequency.
The rotation matrix, which rotates around the y-axis, for the effect of a pulse
acting on a single spin- 12 system in the Liouville space is:




0
1


 0 (cos (α/2))2


W (α) = 

 0 − √1 sin (α)
2



2

0

0




√1 sin (α) (sin (α/2)) 

2



1
√ sin (α) 
cos (α)
2



2
2

(20)

0 (sin (α/2)) − √12 sin (α) (cos (α/2))

where α is the flip angle.
All of matrices L, R, B and W are 4-by-4 which corresponds to the basis Eq.
(1). As we said before, in order to avoid singular matrices, we only consider
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the subspace spanned by {|1+1 ), |10 ), |1−1 )} in the computation. When we set
up multiple spin- 21 systems, we need to take direct-products of 4-by-4 matrices
first, before eliminating the total magnetization component.
Often, the equilibrium is given as:
 

ρeq

0
 

=
1
 
 

0

but in this paper, we use




0

ρeq



√



=  2M0 





0

to facilitate symbolic comparisons between CW and SSFP.

3.1

Single-spin CW Solution

Substituting the matrices in Eqs. (17), (18), and (19) for a single spin system
into Eq. (6), and applying the detection method from Eq. (3), we get the
measured signal s in the x-y plane:
s = M0

γB1 (∆ωT2 + i)T2
,
1 + (∆ω)2 T22 + (γB1 )2 T1 T2

(21)

which has real and imaginary parts:

γB1 T22 ∆ω
1 + (∆ω)2 T22 + (γB1 )2 T1 T2
γB1 T2
sim = M0
.
2
1 + (∆ω) T22 + (γB1 )2 T1 T2
sre = M0

(22)
(23)

Eqs. (22) and (23) are the measured signal from a single spin system at steady
state in a continuous wave NMR experiment. This solution can also be directly
computed using the Bloch equations [5].
9

3.2 Solution of a single spin system of pulsed NMR experiments

Replacing Eq. (13) with the matrices in Eqs. (17), (18), and (20) for a single
spin system, and applying the detection method from Eq. (3), we get the
measured signal s at the time point b in the x-y plane. Note that, in this case,
B1 is along the y-axis rather than the x-axis and the absorption mode spectra
will be the real part of the complex signal.


T

− TR

e

2

T

− TR

1−e



1



T

− TR

sin (α) cos (TR ∆ω) − e

sre = M0



2

(24)

Q1
T

− TR

e

2



T

− TR

1−e

1

sim = −M0



sin (α) sin (TR ∆ω)
(25)

Q1

where,
T

− TR

Q1 = 1 − e

T

− TR

−e

−

cos (α) − e

1

2



T

− TR

1−e

1

2TR
T2



T

− TR

e

1



− cos (α)



(1 + cos (α)) cos (TR ∆ω)

Using Eq. (12), we obtain the same magnetization at time point a given by
Gyngell [18]. These equations are the full solution for the steady state of pulsed
NMR experiments. Note that for each repeat time, the signal is periodic in
∆ω with period 1/TR .
Substituting the matrices from Eqs. (17), (18), and (20) for a single spin
system into Eq. (16), and applying the detection method from Eq. (3), we get
the approximate measured signal at the time point b in the x-y plane:
sin (α)TR T2
+ TR2 (∆ω)2 T22 + Q2
sin (α)TR ∆ωT22
sim = −M0 × 2
TR + TR2 (∆ω)2 T22 + Q2 ,
sre = M0 ×

(26)

TR2

(27)

where




Q2 = 4T1 T2 + 2TR (T1 + T2 ) + 2T1 T22 TR (∆ω)2 (sin (α/2))2 .
Eqs. (24), (25), (26), and (27) apply for all flip angles used in SSFP experiments. Carr [9] plots some approximate diagrams when flip angles are over
10

π/12 radians.
In order to observe the relation between CW and SSFP solutions, we explore
the situation in which the flip angle is very small. In this case, sin (α) ≈ α and
sin (α/2) ≈ α/2. Considering the relationship, Eq. (8), between the flip angle
α and the radio-frequency B1 field, we get the approximate equations for the
signal.

γB1 T2
1 + (∆ω)2 T22 + (γB1 )2 T1 T2 + Q3
γB1 ∆ωT22
sim ≈ −M0 ×
1 + (∆ω)2 T22 + (γB1 )2 T1 T2 + Q3
sre ≈ M0 ×

(28)
(29)

where,

1
Q3 = (γB1 )2 TR (T1 + T2 + T1 T22 (∆ω)2 )
2

Comparing Eqs. (22) and (29), and Eqs. (23) and (28), if
2
2T1 T2
TR  min
,
2
T1 (γB1 ) T1 + T2

!

(30)

the factor Q3 which broadens the signal can be ignored, Eqs. (28) and (29)
will become the same as Eqs. (23) and (22). The real and imaginary parts
are swaped because, in this case, the rotation matrix rotates around the yaxis, while the B matrix acts on the spin system along the x-axis. From the
condition on TR , we derive the condition,
α

2
,
T1 γB1

(31)

on the flip angle.
Thus far, solutions for the steady state magnetization in continuous wave
and pulsed experiments have been given. The possibility of approximating
CW NMR experiments with pulsed steady state experiments for single spin- 21
systems has been explored. Under some conditions, the simulation is very close
to the CW NMR experiments. In the next section, we analyze multiple-spin
systems.
11

4

Double-Quantum Transitions of a 2-spin system

In this section, double quantum transitions for coupled spin systems in steady
state are discussed. In the Liouville formalism, double-quantum coherence of a
2-spin system is detectable. The double quantum transitions can be obtained
by observing the signal of the single quantum transitions at the frequency
of (ωA + ωB )/2. In this section, we compare different methods of calculating
double quantum transitions.
In the previous section, the matrices and vectors for a 1-spin system are listed.
Matrices for a 2-spin system can be constructed based on the single spin
system. A software package in Maple has been developed to build matrices
and vectors for arbitrary spin systems. In this paper, we do not write out the
matrices.

4.1

Symbolic Solution of Continuous Wave Experiments

The size of a full basis for a 2-spin system is 16. We do not consider the total
magnetization, |0)|0), component, reducing the dimensions of the corresponding matrices L, B, R to 15 × 15.
Eq. (6) is used to calculate the steady state of CW experiments, but it is
difficult to directly compute symbolic ρss for a 2-spin system. Maple library
functions could not compute a simplified expression, because it was too large.
However, forcing simplification at each step of (hand-coded) Gaussian elimination used to solve the system does produce a useful answer.
The following method is used to get the strength of the double quantum
transitions of a 2-spin system. The signal ρss can be separated into real (ρr )
and imaginary (ρi ) parts. After which the evolution equation
(R + i(L + B))(ρr + iρi ) = Rρeq

(32)

similarly separates:
Rρr − (L + B)ρi = Rρeq
(L + B)ρr + Rρi = 0

(33)
(34)

All of the entries of ρeq are real numbers, so ρeq represents a real vector. And
all of components of the matrices and vectors of the above equations are real.
Solving the two equations, we get the following two linear systems:
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(1 + R−1 (L + B)R−1 (L + B))ρr = ρeq
−1

−1

(35)
−1

(1 + R (L + B)R (L + B))ρi = −R (L + B)ρeq

(36)

On the other hand, considering the detection of a 2-spin system, we only need
the first and fourth components of ρss to get the signal of double quantum
transitions, so we do not need to get the whole solution of ρss . At the same
time, the signal of double quantum transitions of a 2-spin system will be at the
frequency (ωA + ωB )/2 which means that the value of ∆ω is 0 in the Liouville
matrix L.
A Maple procedure was developed to implement manual Gaussian elimination
to solve the new linear systems. Due to the fact that we need only the first and
fourth elements, it makes sense to start the Gaussian elimination at the end
of the matrix, the fifteenth element. For each step, the pivot was chosen by
inspection of the matrix elements, and the Gaussian elimination proceeded.
Using this procedure, the signals of double quantum transitions of a 2-spin
system in CW experiments (B1 is along the x-axis.) are:

sre = 0

(37)
2

8T2 γB1 (E1 (γB1 ) + T12 T22 δ 2 + E5 )
sim = M0 2 4 4
T1 T2 δ + E2 δ 2 + E3 (γB1 )4 + E4 (γB1 )2 +

4E5

(38)

where,

E1 = 2T1 T22 E6
E2 = 8T1 T23 + 8T12 T22 + 2T1 T23 (2T12 + T1 T2 + T22 )(γB1 )2 + 4T24
E3 = 4T1 T2 E1
E4 = 8T1 T2 (2T12 + 3T22 + 5T1 T2 + T1 T22 (2T1 + 3T2 )J 2 )
E5 = 4(T1 + T2 )E6
E6 = T1 T22 J 2 + T1 + T2

where J is the coupling constant of spin A and spin B; δ is the difference
of Larmor frequencies of spin A and spin B; spin A and spin B have same
relaxation times T1 and T2 . Yatsiv [11] gives the approximate expression, but
Eq. (38) is a full solution. Based on this equation, it is easily to observe the
relationship of the double quantum transitions with these factors such as the
coupling constant, the strength of the rf field, the relax times.
When the coupling constant J is 0, according to Eq. (38), the signal of the
13

double quantum transition is:
simag,J=0 = M0

2γB1 T2
1 + T1 T2 (γB1 )2 + (δT2 /2)2

(39)

which is the sum of signal of two independent spin systems at the frequency
ωA −ωB
.
2
When the coupling constant J is going to the infinity, the signal will be:
simag,J=∞ = M0

2γB1 T2
1 + T1 T2 (γB1 )2

(40)

which is the same as the signal when δ = 0. Please see Fig. (2).

B
Figure 2. The intensity of the Double Quantum transition at the frequency ωA +ω
2
is a function of the coupling constant J. Parameters: δAB = 1500Hz, T1 = 0.04s,
T2 = 0.02s, γB1 = 0.043478Hz

Fig. 2 shows that the intensity of the double quantum transitions is going to a
constant if the coupling constant is big enough. When the coupling constant
is close to 0, the intensity of the double quantum transitions changes very
acutely.
When B1 is zero, the signal will be 0. When B1 is going to infinity, saturation
will appear and the signal will also be 0. Fig. 3 shows the trend.
When substituting J, T1 , T2 and δ with the parameters of Fig. 3 to Eq. (38),
the intensity of the double quantum transition is a function of the variable B1
as the following:
SignalDQ =

7.680101 × 10−5 B1 3 + 7.007729 B1
2020634.314 + 0.269143 B1 2 + 2.172261 × 10−6 B1 4
14

(41)

B
Figure 3. The intensity of the Double Quantum transition at the frequency ωA +ω
2
is a function of B1 . Parameters: δAB = 1500Hz, T1 = 0.04s, T2 = 0.02s, J = 183Hz

When B1 is small, the intensity could be approximate by a cubic function:
SignalDQApprox = 3.800837 × 10−11 B1 3 + 3.468084 × 10−6 B1

(42)

When δ is zero, the intensity will be:
simag,δ=0 = M0

2γB1 T2
1 + T1 T2 (γB1 )2

(43)

When δ is going to infinity, the intensity also will be going to zero. Fig. 4
shows the trend.

Figure 4. The intensity of the Double Quantum transition is a function of δ. Parameters: γB1 = 1650Hz,T1 = 0.04s,T2 = 0.02s,J = 183Hz

Using numerical computation, spectrum can be plotted out by functions Eq. (6)
and Eq. (3). The spectra of CW experiments (Fig. 5 and Fig. 6) are plotted
out with different parameters so as to show the broadening phenomena.
15

Figure 5. The spectra of a coupled spin system with different B1. Parameters: δAB = 1500Hz, T1 = 0.04s, T2 = 0.02s, J = 183Hz,
γB1 = 0.043, 43, 86, 172, 344, 688, 1376, 2173Hz

Figure 6. The spectra of a coupled spin system with different coupling constant. Parameters: δAB = 1500Hz, T1 = 0.04s, T2 = 0.02s, γB1 = 86Hz,
J = 0, 80, 160, 320, 640, 1280, 2560, 5120Hz

4.2

Numerical Results of Pulsed NMR Experiments

In this subsection, pulsed NMR experiments are used to observe the signal at
B
the frequency ωA +ω
by computing Eq. (13) and Eq. (16). The figures shows
2
that the results of SSFP are very close to CW experiments under small flip
angle conditions.
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Figure 7. The intensity of the Double Quantum transition is a function of the
coupling constant. Parameters: δAB = 20.69Hz, T1 = 1s, T2 = 1s, α = 0.00002rad,
TR = 0.0002s, γB1 = 0.1Hz

Figure 8. The intensity of the Double Quantum transition is a function of the flip
angle. Parameters: δAB = 20.69Hz, T1 = 1s, T2 = 1s, J = 17.38Hz, TR = 0.0002s,
γB1 = α/TR

Fig. 9 shows that error of the accurate and approximation methods will increase along with increase of the repeat time and the flip angle to approximate
CW experiments although γB1 (the rate of the flip angle and the repeat time)
is a constant.

5

Extension to multiple spin- 12 systems

Eq. (6), Eq. (13) and Eq. (16) give the general solutions of multiple spin- 12
systems. These equations can be applied to explore the spectrum, multiple
quantum transitions, design of pulse sequences, optimization problems. This
section shows the feasibility and cost to handle multiple spin systems by the
Maple package.
Worvill’s figures (Fig. 1-8) [14] have been reproduced by these three methods,
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Figure 9. The intensity of the Double Quantum transition is a function of the repeat
time and the flip angle of pulses. Parameters: δAB = 20.69Hz, T1 = 1s, T2 = 1s,
J = 17.38Hz, γB1 = α/TR = 1.30Hz

Fig. 10 shows the spectrum by CW method.
Fig. 11 and Fig. 12 display the spectrum of a 4-spin system and a 5-spin
system.
When calculating one point of the steady state, Eq. (6) needs to compute a
complex matrix inverse one time and the multiplication of a complex matrix
and a vector two times; Eq. (13) needs to compute an exponential of a complex
matrix one time, the multiplication of a complex matrix and a vector two
times, and the addition of matrices two times; Eq. (16) has the same cost as
Eq. (6) plus two times’ addition of matrices. The computational complexity
grows quickly in the Liouville space , since the dimension of the matrices or
the eigenvalues for a system of size is 4n . Table 2 shows the cost for 3-, 4-,
5-spin systems.

System CW Method SSFP Accurate Method SSFP Approximate method
3-spin

56

190

160

4-spin

575

3841

2897

5-spin

10031

102586

52483

Table 2: CPU time (second) of calculating 1k points for 3-, 4-, 5-spin systems.
The experiments are done on a Power MAC G5 computer, CPU: 2.5GHz,
Number of CPUs: 2, Cache: 512Kb×2, RAM: 4G, OS: Mac OS X 10.4.9,
Maple: 10.04 (Standard Worksheet Interface)
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Figure 10. Reproduce Worvill’s figures (Fig. 1-8) which are spectrum of a 3-spin
system [14] with different B1 . Parameters: ωA = 634.05Hz, ωB = 613.36Hz,
ωC = 583.82Hz, JAB = 17.38Hz, JAC = 1.57Hz, JBC = 10.50Hz, T1 = 1s, T2 = 1s,
B1 = 0.1, 10, 20, 4070, 150, 250, 500nT

6

Conclusion

In this paper, the symbolic solutions of steady state for the single spin system
are given. The double quantum transitions of continuous wave experiments
is also calculated out by the algebraic computation. A series of spectrum for
multiple spin systems are plotted out by different ways. All of these things
show that steady state pulsed NMR approximates CW experiments well. The
flexibility of our Maple tools allow us to explore more complicated spin systems
by CW NMR and pulsed NMR. Along with the increase of number of spins,
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Figure 11. The spectra of a 4-spin system by CW simulation. Parameters:
ωA = 634.05Hz, ωB = 613.36Hz, ωC = 583.82Hz, ωD = 812.06Hz, JAB = 17.38Hz,
JAC = 1.57Hz, JAD = 30.50Hz, JBC = 10.50Hz, JBD = 20.0Hz, JCD = 50Hz,
T1 = 1s, T2 = 1s, γB1 = 0.1Hz

Figure 12. The spectra of a 5-spin system by CW simulation. Parameters:
ωA = 634.05Hz, ωB = 613.36Hz, ωC = 583.82Hz, ωD = 812.06Hz, ωE = 200Hz,
JAB = 17.38Hz, JAC = 1.57Hz, JAD = 30.50Hz, JAE = 50Hz, JBC = 10.50Hz,
JBD = 20.0Hz, JBE = 20Hz, JCD = 50Hz, JCE = 35Hz, JDE = 28Hz, T1 = 1s,
T2 = 1s, γB1 = 0.1Hz

the computational complexity grows quickly, so some numerical methods such
as BLAS, sparse matrix technique should be applied to improve the efficiency.
Acknowledgment: Alex D. Bain would like to thank the Natural Science
and Engineering Research Council of Canada (NSERC) for financial support.
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