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Abstract
One of the fundamental clustering problems is to assign n points into
k clusters based on the minimal sum-of-squares(MSSC), which is known
to be NP-hard. In this paper, by using matrix arguments, we first model
MSSC as a so-called 0-1 semidefinite programming (SDP). The classical
K-means algorithm can be interpreted as a special heuristics for the underlying 0-1 SDP. Moreover, the 0-1 SDP model can be further approximated
by the relaxed and polynomially solvable linear and semidefinite programming. This opens new avenues for solving MSSC. The 0-1 SDP model can
be applied not only to MSSC, but also to other scenarios of clustering as
well. In particular, we show that the recently proposed normalized k-cut
and spectral clustering can also be embedded into the 0-1 SDP model in
various kernel spaces.
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Introduction

Clustering is one of major issues in data mining and machine learning with many
applications arising from different disciplines including text retrieval, pattern
recognition and web mining[12, 15]. Roughly speaking, clustering involves partition a given data set into subsets based on the closeness or similarity among
the data. Typically, the similarities among entities in a data set are measured
by a specific proximity function, which can be make precise in many ways. This
results in many clustering problems and algorithms as well.
Most clustering algorithms belong to two classes: hierarchical clustering
and partitioning. The hierarchical approach produces a nested series of partitions consisting of clusters either disjoint or included one into the other. Those
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clustering algorithms are either agglomerative or divisive. An agglomerative
clustering algorithm starts with every singleton entity as a cluster, and then
proceeds by successively merging clusters until a stopping criterion is reached.
A divisive approach starts with an initial cluster with all the entities in it, and
then performs splitting until a stopping criterion is reached. In hierarchical clustering, an objective function is used locally as the merging or splitting criterion.
In general, hierarchical algorithms can not provide optimal partitions for their
criterion. In contrast, partitional methods assume given the number of clusters
to be found and then look for the optimal partition based on the object function.
Partitional methods produce only one partition. Most partitional methods can
be further classified as deterministic or stochastic, depending on whether the
traditional optimization technique or a random search of the state space is used
in the process. There are several different ways to separate various clustering
algorithms, for a comprehensive introduction to the topic, we refer to the book
[12, 15], and for more recent results, see survey papers [4] and [13].
Among various criterion in clustering, the minimum sum of squared Euclidean distance from each entity to its assigned cluster center is the most intuitive and broadly used. Both hierarchical and partitional procedures for MSSC
have been investigated. For example, Ward’s [27] agglomerative approach for
MSSC has a complexity of O(n2 log n) where n is the number of entities. The
divisive hierarchical approach is more difficult. In [9], the authors provided an
algorithm running in O(nd+1 log n) time, where d is the dimension of the space
to which the entities belong.
However, in many applications, assuming a hierarchical structure in partitioning based on MSSC is unpractical. In such a circumstance, the partitional
approach directly minimizing the sum of squares distance is more applaudable.
The traditional way to deal with this problem is to use some heuristics such as
the well-known K-means [18]. To describe the algorithm, let us go into a bit
more details.
Given a set S of n points in a d-dimensional Euclidean space, denoted by
T

S = {si = (si1 , · · · , sid ) ∈ Rd

i = 1, · · · , n}

the task of a partitional MSSC is to find an assignment of the n points into k
disjoint clusters S = (S1 , · · · , Sk ) centered at cluster centers cj (j = 1, · · · , k)
based on the total sum-of-squared Euclidean distances from each point si to its
assigned cluster centroid ci , i.e.,
f (S, S) =

|Sj | °
k X
°2
X
° (j)
°
°si − cj ° ,
j=1 i=1

(j)

where |Sj | is the number of points in Sj , and si is the ith point in Sj . Note that
if the cluster centers are known, then the function f (S, S) achieves its minimum
when each point is assigned to its closest cluster center. Therefore, MSSC can
be described by the following bilevel programming problem (see for instance
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[2, 19]).
(1)

min

c1 ,···,ck

n
X
i=1

2

2

min{ksi − c1 k , · · · , ksi − ck k }.

Geometrically speaking, assigning each point to the nearest center fits into a
framework called Voronoi Program, and the resulting partition is named Voronoi
Partition. On the other hand, if the points in cluster Sj are fixed, then the
function
|Sj | °
°2
X
° (j)
°
f (Sj , Sj ) =
°si − cj °
i=1

is minimal when

|Sj |

1 X (j)
s .
cj =
|Sj | i=1 i
The classical K-means algorithm [18], based on the above two observations, is
described as follows:
K-means clustering algorithm
(1) Choose k cluster centers randomly generated in a domain containing all
the points,
(2) Assign each point to the closest cluster center,
(3) Recompute the cluster centers using the current cluster memberships,
(4) If a convergence criterion is met, stop; Otherwise go to step 2.
Another way to model MSSC is based on the assignment. Let X = [xij ] ∈
ℜn×k be the assignment matrix defined by

 1 If s is assigned to S ;
i
j
xij =
0
Otherwise.

As a consequence, the cluster center of the cluster Sj , as the mean of all the
points in the cluster, is defined by
Pn
xlj sl
cj = Pl=1
.
n
l=1 xlj

Using this fact, we can represent (1) as
°2
°
Pn
n
k X
X
°
xlj sl °
l=1
°
°
(2)
xij °si − Pn
min
°
xij
x
lj
l=1
j=1 i=1
(3)
(4)

S.T.

k
X

j=1
n
X
i=1

(5)

xij = 1 (i = 1, · · · , n)
xij ≥ 1 (j = 1, · · · , k)

xij ∈ {0, 1} (i = 1, · · · , n; j = 1, · · · , k)
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The constraint (3) ensures that each point si is assigned to one and only one
cluster, and (4) ensures that there are exactly k clusters. This is a mixed integer
programming with nonlinear objective [8], which is NP-hard. The difficulty of
the problem consists of two parts. First, the constraints are discrete. Secondly
the objective is nonlinear and nonconvex. Both the difficulties in the objective
as well as in the constraints make MSSC extremely hard to solve.
Many different approaches have been proposed for attacking (2) both in the
communities of machine learning and optimization [1, 8, 3]. Most methods for
(2) are heuristics that can locate only a good local solution, not the exact global
solution for (2). Only a few works are dedicated to the exact algorithm for (2)
as listed in the references of [3].
Approximation methods provide a useful approach for (2). There are several different ways to approximate (2). For example, by solving the so-called
K-medians problem we can obtain a 2-approximately optimal solution for (2)
in O(nd+1 ) time [10]. In [22], Mutousek proposed a geometric approximation method that can find an (1 + ǫ) approximately optimal solution for (2)
in O(n logk n) time, where the constant hidden in the big-O notation depends
polynomially on ǫ. Another efficient way of approximation is to attack the
original problem (typically NP-hard) by solving a relaxed polynomially solvable
problem. This has been well studied in the field of optimization, in particular,
in the areas of combinatorial optimization and semidefinite programming [5].
We noted that recently, Xing and Jordan [29] considered the SDP relaxation for
the so-called normalized k-cut spectral clustering.
In the present paper, we focus on developing approximation methods for (2)
based on linear and semidefinite programming (LP/SDP) relaxation. A crucial
step in relaxing (2) is to rewrite the objective in (2) as a simple convex function
of matrix argument that can be tackled easily, while the constraint set still enjoy
certain geometric properties. This was possibly first suggested in [6] where the
authors owed the idea to an anonymous referee. However, the authors of [6] did
not explore the idea in depth to design any usable algorithm. A similar effort
was made in [30] where the authors rewrote the objective in (2) as a convex
quadratic function in which the argument is a n × k orthonormal matrix.
Our model follows the same stream as in [6, 30]. However, different from
the approach [30] where the authors used only a quadratic objective and simple
spectral relaxation, we elaborate more on how to characterize (2) exactly by
means of matrix arguments. In particular, we show that MSSC can be modelled
as the so-called 0-1 semidefinite programming (SDP), which can be further
relaxed to polynomially solvable linear programming (LP) and SDP. Several
different relaxation forms are discussed. We also show that variants of K-means
can be viewed as heuristics for the underlying 0-1 SDP.
Our model provides novel avenues not only for solving MSSC, but also for
solving clustering problems based on some other criterions. For example, the
clustering based on normalized cuts can also be embedded into our model. Moreover, our investigation reveals some interesting links between the well-known
K-means and some recently proposed algorithms like spectral clustering.
The paper is organized as follows. In Section 2, we show that MSSC can be
5

modelled as 0-1 SDP, which allows convex relaxation such as SDP and LP. In
Section 3, we discuss algorithms and challenges for solving our 0-1 SDP model.
Section 4 devotes to the discussion on the links between our model and some
other recent models for clustering. Finally we close the paper by few concluding
remarks.

2

Equivalence of MSSC to 0-1 SDP

In this section, we establish the equivalence between MSSC and 0-1 SDP. We
start with a brief introduction to SDP and 0-1 SDP.
In general, SDP refers to the problem of minimizing (or maximizing) a linear
function over the intersection of a polyhedron and the cone of symmetric and
positive semidefinite matrices. The canonical SDP takes the following form



min Tr (WZ)


(SDP) S.T. Tr (Bi Z) = bi fori = 1, · · · , m




Zº0
Here Tr (.) denotes the trace of the matrix, and Z º 0 means that Z is positive
semidefinite. If we replace the constraint Z º 0 by the requirement that Z 2 = Z,
then we end up with the following problem



min Tr (WZ)


(0-1 SDP) S.T. Tr (Bi Z) = bi fori = 1, · · · , m




Z 2 = Z, Z = Z T
We call it 0-1 SDP owing to the similarity of the constraint Z 2 = Z to the
classical 0-1 requirement in integer programming.
We next show that MSSC can be modelled as 0-1 SDP. By rearranging the
items in the objective of (2), we have


Pn
k
k
n
2
X
X
X
k i=1 xij si k
2

Pn
(6)
xij −
ksi k
f (S, S) =
i=1 xij
j=1
j=1
i=1
Pn
k
2
¡
¢ X
k i=1 xij si k
Pn
= Tr WST WS −
,
i=1 xij
j=1
where WS ∈ ℜn×d denotes the matrix whose ith row is the vector si . Since X
is an assignment matrix, we have
n
n
n
n
X
X
X
X
xik ).
xi1 , · · · ,
x2ik ) = diag (
x2i1 , · · · ,
X T X = diag (
i=1

i=1

i=1
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i=1

Let
Z := [zij ] = X(X T X)−1 X T ,
¡
¢
¡
¢
¡
¢
we can write (6) as Tr WS WST (I − Z) = Tr WST WS − Tr WST WS Z . Obviously Z is a projection matrix satisfying Z 2 = Z with nonnegative elements. For
any integer m, let em be the all one vector in ℜm . We can write the constraint
(3) as
Xek = en .
It follows immediately
Zen = ZXek = Xek = en .
Moreover, the trace of Z should equal to k, the number of clusters, i.e.,
Tr (Z) = k.
Therefore, we have the following 0-1 SDP model for MSSC
¡
¢
min Tr WS WST (I − Z)
(7)
Ze = e, Tr (Z) = k,
Z ≥ 0, Z = Z T , Z 2 = Z.

We first give a technical result about positive semidefinite matrix that will be
used in our later analysis.
Lemma 2.1 For any symmetric positive semidefinite matrix Z ∈ ℜn×n , there
exists an index i0 ∈ {1, · · · , n} such that
Zi0 i0 = max Zij .
i,j

Proof:

For any positive semidefinite matrix Z, it is easy to see that
Zii ≥ 0,

i = 1, · · · , n.

Suppose the statement of the lemma does not hold, i.e., there exists i0 6= j0
such that
Zi0 j0 = max Zij > 0.
i,j

Then the submatrix



Zi0 i0 Zi0 jo
Zj0 i0 Zj0 j0




is not positive semidefinite. This contradicts to the assumptuion in the lemma.
Now we are ready to establish the equivalence between the models (7) and
(2).
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Theorem 2.2 Solving the 0-1 SDP problem (7) is equivalent to finding a global
solution of the integer programming problem (2).
Proof: From the construction of the 0-1 SDP model (7), we know that one
can easily construct a feasible solution for (7) from a feasible solution of (2).
Therefore, it remains to show that from a global solution of (7), we can obtain
a feasible solution of (2).
Suppose that Z is a global minimum of (7). Obviously Z is positive semidefinite. From Lemma 2.1 we conclude that there exists an index i1 such that
Zi1 i1 = max{Zij : 1 ≤ i, j ≤ n} > 0.
Let us define the index set
I1 = {j : Zi1 j > 0}.
Since Z 2 = Z, we have
X

(Zi1 j )2 = Zi1 i1 ,

j∈I1

which implies
X Zi j
1
Zi j = 1.
Zi1 i1 1

j∈I1

From the choice of i1 and the constraint
n
X
j=1

Zi1 j =

X

Zi1 j = 1,

j∈I1

we can conclude that
Zi1 j = Zi1 i1 ,

∀j ∈ I1 .

This further implies that the submatrix ZI1 I1 is a matrix whose elements are
all equivalent, and we can decompose the matrix Z into a bock matrix with the
following structure


ZJ1 J1 0
,
(8)
Z=
0 ZĪ1 Ī1
P
2
where Ī1 = {i : i 6∈ I1 }. Since i∈I1 Zii = 1 and (ZI1 I1 ) = ZI1 I1 , we can
consider the reduced 0-1 SDP as follows
³¡
´
¢
min Tr WS WST Ī Ī (I − Z)Ī1 Ī1
(9)
1 1
¡
¢
ZĪ1 Ī1 e = e, Tr ZĪ1 Ī1 = k − 1,
ZĪ1 Ī1 ≥ 0, ZĪ21 Ī1 = ZĪ1 Ī1 .

8

Repeating the above process, we can show that if Z is a global minimum of the
0-1 SDP, then it can be decomposed into a diagonal block matrix as
Z = diag (ZI1 I1 , · · · , ZIk Ik ),
where each block matrix ZIl Il is a nonnegative projection matrix whose elements
are equal, and the sum of each column or each row equals to 1.
Now let us define the assignment matrix X ∈ ℜn×k

 1 if i ∈ I
j
Xij =
 0 otherwise

One can easily verify that Z = X(X T X)−1 X T . Our above discussion illustrates
that from a feasible solution of (7), we can obtain an assignment matrix that
satisfies the condition in (2). This finishes the proof of the theorem.
By comparing (7) with (2), we find that the objective in (7) is linear, while
the constraint in (7) is still nonlinear, even more complex than the 0-1 constraint
in (2). The most difficult part in the constraint of (7) is the requirement that
Z 2 = Z. Several different ways for solving (7) will be discussed in the next
section.

3

Algorithms for solving 0-1 SDP

In this section, we focus on various algorithms for solving the 0-1 SDP model (7).
From a viewpoint of the algorithm design, we can separate these algorithms into
two groups. The first group consists of the so-called feasible iterative algorithms,
while the second group contains approximation algorithms (might be infeasible
at some stage in the process) based on relaxation. It is worthwhile pointing out
that our discussion will focus on the design of the algorithm as well as the links
among various techniques, not on the implementation details of the algorithm
and numerical testing.

3.1

Feasible Iterative Algorithms

We first discuss the so-called feasible iterative algorithms in which all the iterates
are feasible regarding the constraints in (7), while the objective is reduced step
by step until some termination criterion is reached. A general procedure for
feasible iterative algorithms can be described as follows:
Feasible Iterative Algorithm
Step 1: Choose a starting matrix Z 0 satisfying all the constraints in (7),
Step 2: Use a heuristics to update the matrix Z k such that the value of the
objective function in (7) is decreased,
Step 3: Check the termination criterion. If the criterion is reached, then stop;
Otherwise go to Step 2.
9

We point out that the classical K-means algorithm described in the introduction
can be interpreted as a special feasible iterative scheme for attacking (7). To
see this, let us recall our discussion on the equivalence between MSSC and (7),
one can verify that, at each iterate, all the constraints in (7) are satisfied by
the matrix transformed from the K-means algorithm. It is also easy to see
that, many variants of the K-means algorithm such as the variants proposed in
[11, 14], can also be interpreted as specific iterative schemes for (7).

3.2

Approximation Algorithms Based on LP/SDP Relaxations

In the section we discuss the algorithms in the second group that are based on
LP/SDP relaxation. We starts with a general procedure for those algorithm.
Approximation Algorithm Based on Relaxation
Step 1: Choose a relaxation model for (7),
Step 2: Solve the relaxed problem for an approximate solution,
Step 3: Use a rounding procedure to extract a feasible solution to (7) from
the approximate solution.
The relaxation step has an important role in the whole algorithm. For example,
if the approximation solution obtained from Step 2 is feasible for (7), then it is
exactly an optimal solution of (7). On the other hand, when the approximation
solution is not feasible regarding (7), we have to use a rounding procedure to
extract a feasible solution. In what follows we discuss how to design a rounding
procedure.
First, we note that when Z ∗ is a solution of (7), it can be shown that the
matrix Z ∗ WS contains k different rows, and each of these k different rows represents one center in the final clusters. A good approximate solution, although
it might not be feasible for (7), should give us some indications on how to locate
a feasible solution. Motivated by the above-mentioned observation, we can cast
the rows of the matrix ZWS as a candidate set for the potential approximate
centers in the final clustering. This leads to the following rounding procedure.
A Rounding Procedure
Step 0: Input: an approximate solution Z and the matrix WS ,
Step 1: Select k rows from the rows of the matrix ZWS 1 as the initial centers,
Step 2: Apply the classical K-means to the original MSSC using the selected
initial centers.
We mention that in [29], Xing and Jordan proposed a rounding procedure
based on the singular value decomposition Z = U T U of Z. In their approach,
1 For example, we can select k rows from ZW based on the frequency of the row in the
S
matrix, or arbitrarily select k centers.

10

Xing and Jordan first cast the rows of U T as points in the space, and then they
employed the classical K-means to cluster those points.
Another way for extracting a feasible solution is to utilize branch and cut.
In order to use branch and cut, we recall the fact that any feasible solution Z
of (7) satisfies the following condition
Zij (Zij − Zii ) = 0,

i, j = 1, · · · , n.

If an approximate solution meets the above requirement, then it is a feasible
solution and thus an optimal solution to (7). Otherwise, suppose that there
exist indices i, j such that
Zij (Zii − Zij ) 6= 0,
then we can add cut Zii = Zij or Zij = 0 to get two subproblems. By combining
such a branch-cut procedure with our linear relaxation model, we can find the
exact solution to (7) in finite time, as the number of different branches is at
2
most 2n .
To summarize, as shown in our above discussion, finding a good approximation (or a nice relaxation) is essential for the success of approximation algorithms. This will be the main focus in the following subsections.
3.2.1

Relaxations based on SDP

In this subsection, we describe few SDP-based relaxations for (7). First we
recall that in (7), the argument Z is stipulated to be a projection matrix, i.e.,
Z 2 = Z, which implies that the matrix Z is a positive semidefinite matrix whose
eigenvalues are either 0 or 1. A straightforward relaxation to (7) is replacing
the requirement Z 2 = Z by the relaxed condition
I º Z º 0.
Note that in (7), we further stipulate that all the entries of Z are nonnegative,
and the sum of each row(or each column) of Z equals to 1. This means the
eigenvalues of Z is always less than 1. In this circumstance, the constraint Z ¹ I
becomes superfluous and can be waived. Therefore, we obtain the following SDP
relaxation for MSSC
¢
¡
(10)
min Tr WS WST (I − Z)
Ze = e, Tr (Z) = k,
Z ≥ 0, Z º 0.
The above problem is feasible and bounded below. We can apply many existing
optimization solvers such as interior-point methods to solve (10). It is known
that an approximate solution to (10) can be found in polynomial time.
We noted that in [29], the model (10) with a slightly different linear constraint 2 was used as a relaxation to the so-called normalized k-cut clustering.
2 In [29], the constraint Ze = e in (7) is replaced by Zd = d where d is a positive scaling
vector associated with the affinity matrix, and the constraint Z ¹ I can not be waived.
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As we shall show in section 4, the model (10) can always provides better approximation to (7) than the spectral clustering. This was also observed and
pointed out by Xing and Jordan [29].
However, we would like to point out here that although there exist theoretically polynomial algorithm for solving (10), most of the present optimization
solvers are unable to handle the problem in large size efficiently.
Another interesting relaxation to (7) is to further relax (10) by dropping
some constraints. For example, if we remove the nonnegative requirement on
the elements of Z, then we obtain the following simple SDP problem
¡
¢
min Tr WS WST (I − Z)
(11)
Ze = e, Tr (Z) = k,
I º Z º 0.

The above problem can be equivalently stated as
¡
¢
(12)
max Tr WS WST Z
Ze = e, Tr (Z) = k,
I º Z º 0.
In the sequel we discuss how to solve (12). Note that if Z is a feasible solution
for (12), then we have
1
1
√ Ze = √ e,
n
n
which implies √1n e is an eigenvector of Z with eigenvalue 1. Therefore, we can
write any feasible solution of (12) Z as
Z = QΓQT +

1 T
ee ,
n

where Q ∈ ℜn×(n−1) is a matrix satisfying the condition:
C.1 The matrix [Q :

√1 e]
n

is orthogonal,

and Γ = diag (γ1 , · · · , γn−1 ) is a nonnegative diagonal matrix. It follows
¡
¢
¡
¢
k − 1 = Tr (Z) − 1 = Tr QΓQT = Tr QT QΓ = Tr (Γ) .
Therefore, we can reduce (12) to
¡
¢
¡
¢
max Tr WS WST QΓQT = Tr QT WS WST QΓ
(13)
Tr (Γ) = k − 1,
In−1 º Γ º 0.

Let λ1 (QT WS WST Q), · · · , λn−1 (QT WS WST Q) be the eigenvalues of the matrix
QT WS WST Q listed in the order of decreasing values. The optimal solution of
(13) can be achieved if and only if
k−1
¡
¢ X
λi (QT WS WST Q).
Tr QT WS WST QΓ =
i=1
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Note that for any matrix Q satisfying Condition C.1, the summation of the
first k − 1 largest eigenvalues of the matrix QT WS WST Q are independent of the
choice of Q. This gives us an easy way to solve (13) and correspondingly (12).
The algorithmic scheme for solving (12) can be described as follows:
Algorithm:
Step 1: Choose a matrix Q satisfying C.1,
Step 2: Use singular value decomposition method to compute the first k − 1
largest eigenvalues of the matrix QT WS WST Q and their corresponding eigenvectors v1 , · · · , vk−1 ,
Step 3: Set
k−1
X
1
(Qvi )T Qvi .
Z = eT e +
n
i=1
It should be mentioned that if k = 2, then Step 2 in the above algorithm uses
the eigenvector corresponding to the largest eigenvalue of QT WS WST Q. This
eigenvector has an important role in Shi and Malik’ work [25] (See also [28]) for
image segmentation where the clustering problem with k = 2 was discussed.
3.2.2

LP Relaxation

In this subsection, we propose an LP relaxation for (7). First we observe that
if si and sj , sj nd sk belong to the same clusters, then si and sk belong to the
same cluster. In such a circumstance, from the definition of the matrix Z we
can conclude that
Zij = Zjk = Zik = Zii = Zjj = Zkk .
Such a relationship can be partially characterized by the following inequality
Zij + Zik ≤ Zii + Zjk .
Correspondingly, we can define a metric polyhedron MET3 by
MET = {Z = [zij ] : zij ≤ zii ,

zij + zik ≤ zii + zjk }.

Therefore, we have the following new model
¡
¢
(14)
min Tr WS WST (I − Z)
Ze = e, Tr (Z) = k,
Z ≥ 0,
Z ∈ MET.

3 A similar polyhedron MET had been used by Karisch and Rendl, Leisser and Rendl in
their works [16, 17] on graph partitioning. We changed slightly the definition of MET in [17]
to adapt to our problem.
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If the optimal solution of (14) is not a feasible solution of (7), then we need
to refer to the rounding procedure that we described earlier to extract a feasible
solution for (7).
Solving (14) directly for large-size data set is clearly unpractical due to the
huge amount (O(n3 )) of constraints. In what follows we report some preliminary
numerical results for small-size data set. Our implementation is done on an IBM
RS-6000 workstation and the package CPLEX 7.1 with AMPL interface is used
to solve the LP model (14).
The first data set we use to test our algorithm is the Soybean data (small)
from the UCI Machine Learning Repository 4 , see also [21]. This data set has
47 instances and each instance has 35 normalized attributes. It is known this
data set has 4 clusters. As shown by the following table, for k from 2 to 4, we
found the exact clusters by solving (14).
The Soybean data
k

Objective

CPU time(s)

2

404.4593

4.26

3

215.2593

1.51

4

205.9637

1.68

The second test set is the Ruspini data set from [24]. This data set, consisting of 75 points in ℜ2 with four groups, is popular for illustrating clustering
techniques [15]. The numerical result is listed as follows:
The Ruspini’s data
k

Objective

CPU time(s)

2

893380

27.81

3

510630

66.58

4

12881

7.22

5

10127

9.47

We observed that in our experiments, for all cases k = 2, · · · , 5, the solution
of (14) is not feasible for (7). However, the resulting matrix is quite close to
a feasible solution of (7). Therefore, we use the classical K-means to get the
final clusters. After a few iterations, the algorithm terminated and reported the
numerical results that match the best known results in the literature for the
same problem.
The third test set is the Späth’s postal zones data [26]. This data set contains
89 entities and each entity has 3 features. Correspondingly, we transform all
the entities into points in ℜ3 . It is known that the data set has 7 groups. In all
cases that k runs from 2 to 9, we were able to find the exact solution of (7) via
solving (14).
4 http://www.ics.uci.edu/

mlearn/MLRepository.html
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The Spath’s Postal Zone data
k

Objective

CPU time(s)

2

6.0255 ∗ 1011

283.26

2.9451 ∗ 10

418.07

3
4
5
6
7
8
9

11

1.0447 ∗ 1011

99.54

10

5.9761 ∗ 10

60.67

3.5908 ∗ 1010

52.55

10

2.1983 ∗ 10

61.78

1.3385 ∗ 1010

26.91

7.8044 ∗ 10

18.04

9

It is worthwhile mentioning that, as shown in the tables, the running time
of the algorithm does not increase as the cluster number k increases. Actually,
from a theoretical viewpoint, the complexity of the algorithm for solving (14)
is independent of k. This indicates our algorithm is scalable to large data set,
while how to solve (14) efficiently still remains a challenge. In contrast, the
complexity of the approximation algorithms in [22] increases with respect to k.

4

Relations to Other Clustering Methods

In the previous sections, we proposed and analyzed the 0-1 SDP model for
MSSC. In this section, we consider the more general 0-1 SDP model for clustering
(15)

max Tr (WZ)
Ze = e, Tr (Z) = k,
Z ≥ 0, Z 2 = Z, Z = Z T ,

where W is the so-called affinity matrix whose entries represent the similarities
or closeness among the entities in the data set. In the MSSC model, we use the
geometric distance between two points to characterize the similarity between
them. In this case, we have Wij = sTi sj . However, we can also use a general
function φ(si , sj ) to describe the similarity relationship between si and sj . For
example, let us choose
(16)

Wij = φ(si , sj ) = exp−

ksi −sj k2
σ

,

σ > 0.

In order to apply the classical K-means algorithm to (15), we first use the
singular eigenvalue decomposition method to decompose the matrix W into the
product of two matrices, i.e., W = U T U . In this case, each column of U can be
cast as a point in a suitable space. Then, we can apply the classical K-means
15

method for MSSC model to solving problem (15). This is exactly the procedure
what the recently proposed spectral clustering follows. However, now we can
interpret the spectral clustering as a variant of MSSC in a different kernel space.
It is worthwhile mentioning that certain variants of K-means can be adapted to
solve (15) directly without using the SVD decomposition of the affinity matrix.
We note that recently, the k-ways normalized cut and spectral clustering received much attention in the machine learning community, and many interesting
results about these two approaches have been reported [7, 20, 23, 25, 28, 29, 30].
In particular, Zha et’al [30] discussed the links between spectral relaxation and
K-means. Similar ideas was also used in [23]. An SDP relaxation for normalized
k-cut was discussed [29]. The relaxed SDP in [29] takes a form quite close to
(10). As we pointed out in Section 3, the main difference between the relaxed
model in [29] and (10) lies in the constraint.
In fact, with a closer look at the model for normalized k-cut in [29], one can
find that it is a slight variant of the model (15). To see this, let us recall the
exact model for normalized k-cut [29]. Let W be the affinity matrix defined by
(16) and X be the assignment matrix in the set Fk defined by
Fk = {X : Xek = en , xij ∈ {0, 1}}.
Let d = W en and D = diag (d). The exact model for normalized k-cut in [29]
can be rewritten as
¡
¢
(17)
max Tr (XT DX)−1 XT WX
X∈Fk

If we define

1

1

Z = D 2 X(X T DX)−1 X T D 2 ,
then we have

1

1

Z 2 = Z, Z T = Z, Z ≥ 0, Zd 2 = d 2 .
Following a similar process as in the proof of Theorem 2.2, we can show that
the model (17) equals to the following 0-1 SDP:
´
³
1
1
(18)
max Tr D− 2 WD− 2 Z
1

1

Zd 2 = d 2 , Tr (Z) = k,
Z ≥ 0, Z 2 = Z, Z = Z T .
The only difference between (15) and (18) is the introduction of the scaling
matrix D. However, our new unified model (15) provides more insight for clustering problem and opens new avenues for designing new efficient clustering
methods. It is also interesting to note that when we use SDP relaxation to solve
(15), the constraint Z ¹ I can be waived without any influence on the solution,
while such a constraint should be kept in the SDP relaxation for (18). This
will definitely impact the numerical efficiency of the approach. It will be helpful
to compare these two models in real application to see what is the role of the
scaling matrix D.
16

5

Conclusions

In this paper, we reformulated the classical MSSC as a 0-1 SDP. Our new model
not only provides a unified framework for several existing clustering approaches,
but also opens new avenues for clustering. Several LP/SDP relaxations are suggested to attack the underlying 0-1 SDP. Preliminary numerical tests indicate
that these approaches are feasible, and have a lot of potential for further improvement.
Several important issues regarding the new framework remain open. The
first is how to estimate the approximate rate of the approximation solution
obtained from the relaxed LP/SDP problems. Secondly, the issue of how to
design a rounding procedure without using the classical K-means heuristics to
extract a feasible solution deserves further study. Thirdly, for specific clustering
problem, how to choose a suitable affinity matrix, or in other words, how to find
a suitable kernel space needs to be investigated. The last, but also the most
important issue, is to develop efficient optimization algorithms for solving the
relaxed problems so that these techniques can be applied to large size data set.
We hope future study can help us to address these questions.
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