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Abstract
In this paper, we introduce a bi-level optimization formulation for
the problems of model and feature selection in Support Vector Machines (SVMs). To select the best model, we embed the standard convex quadratic problem of SVM training into a lower level problem in
a bi-level optimization model where the optimal objective value of the
quadratic problem of SVMs is minimized over the feasible range of the
kernel parameters at the upper level of the bi-level model. Since the
quadratic problem’s optimal objective value is a continuous function of
the continuous kernel parameters, implicitly defined over a reasonable
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interval, the solution of this bi-level problem always exists. The problem of feature selection can be handled in the same framework where
the kernel functions are extended by introducing independent kernel
parameters for all the features in the original space.
Two approaches for solving the bi-level problem of model and feature selection are considered as well. Experimental results show that
the bi-level formulation provides a powerful tool for model selection.

Key Words: Support Vector Machines (SVMs), Machine Learning,
Model Selection, Feature Selection, Bi-Level Programming.
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Introduction

We deal with the classification problem in this paper, i.e., given a training
set Z = {(x1 , y 1 ), (x2 , y 2 ), . . . , (xℓ , y ℓ )} of ℓ instances, where each instance
carries n attributes (xi = (xi1 , . . . , xin )T ∈ Rn ) and a class label y i ∈ {1, −1},
the main task of classification is to construct a decision boundary separating
the two classes such that the probability of classification error, or misclassification, made by the resulting decision boundary on a new instance is
minimized. The process of constructing the best decision boundary for the
training set Z can be considered as a process of learning the information
contained in Z. There are many algorithms for this type of problems in
the literature [17]. In the present paper, we only discuss Support Vector
Machines (SVMs).
The notion of SVM, first introduced by Vapnik in 1995 [17], represents
a set of particular learning algorithms. Mathematically speaking, a SVM is
an optimization problem that tries to find a hyperplane in the original input
space (denoted by X ) to separate a given training set Z correctly and leave

2

as much distance as possible from the closest instances to the hyperplane on
both sides. The distance from the closest instances to the separating hyperplane is called margin, and the instances that realize the maximal margin
are called support vectors. If the training set is not linearly separable, then
a nonlinear boundary has to be constructed. In this situation, the original
input space is first mapped into a higher-dimensional space, called feature
space denoted by F. Then, we search the feature space for a hyperplane
that can separate the instances in F. The mapping from X to F is defined
by a so-called kernel function. Another way to handle the inseparable case
is allowing misclassification. This is typically done by introducing a penalty
factor C in the optimization model and the total penalty is found by summing up penalties on each misclassification. In this case, instead of finding
the hyperplane with the maximal margin, we are trying to find a hyperplane
that minimizes the sum of the reciprocal of the margin and the total penalty.
The combined penalty function is used as the objective in the optimization
model.
Since their first introduction, SVMs have been extensively studied by
many researchers and recognized as one of the main learning algorithms
for real world classification problems, such as hand-written digit recognition
[13], image recognition [14] and protein homology detection [10]. However,
some questions still remain open. For instance, how to select the right
kernel functions for a classification task, how to find appropriate values
for the kernel parameters, and how to penalize a misclassification and how
to decide automatically the contribution from each attribute to the final
decision. The first two issues are associated with the model selection, while
the last issue is called feature selection in the machine learning community.
The issue of model selection has been investigated in the field of machine
3

learning. In [3], Chapelle and Vapnik first presented new functionals for support vector machine model selection. These new functionals can be used to
estimate the generalization error. More results regarding the generalization
error of SVMs were also presented by Chapelle and Vapnik in [4], where a
gradient descent algorithm was proposed to minimize the estimated generalization error over a set of kernel parameters. The estimated generalization
error used in [4] is the smoothed test error based on some probability model.
The problem of feature selection for SVMs was first studied by Bradley
et al. [2]. Later, Weston et al. [18] introduced a method for the feature
selection problem in 2000. In 2002, Chapelle and Vapnik [4] suggested another method in which each feature in an original input space carries its
own kernel parameters. If the value of a kernel parameter is very small, the
corresponding feature can be removed from the data set without influencing
the classification accuracy significantly.
In this paper, we propose a bi-level optimization approach that can help
us in both the model and feature selection. Our idea is similar to that in [4].
However, the objective function in the master problem of our bi-level model
is different from what used in [4]. Instead of the estimated generalization error, we simply minimize the objective obtained by solving the subproblem in
the bi-level framework. This is because in our SVM model, we have already
used a parameter to penalize the misclassification error. Or, in other words,
we use the sum of the squared margin and the penalized misclassification
error to replace the estimated generalization error. The corresponding SVM
is called Self-Adaptive SVM, or simply SASVM, as the proposed approach
is able to automatically tune the kernel parameters to the best values for a
given data set.
The paper is organized as follows. In Section 2, we describe briefly
4

the optimization model for SVMs and discuss various kernel functions. In
Section 3, we introduce self-adaptive SVMs. We also discuss how to extend
the kernel functions to handle the feature selection problem. Two strategies
for solving the bi-level problem for model and feature selections are examined
in Section 4. Then, we present some experimental results for both model
and feature selections. Finally, in Section 5, some conclusions are presented
along with suggestions for future work.

2

SVMs and Kernel Functions

Let Z be the training set. A linear decision function in the original input
space is typically given by [17]:
f (x; w, b) = wT x + b,

(1)

where w ∈ Rn and b ∈ R stand for the weight vector and bias. SVMs try to
find the optimal w and b by solving the following optimization problem:
min
w,b

1 T
2w w

+ Cξ T e

s.t. y i (wT xi + b) ≥ 1 − ξi , i = 1, . . . , ℓ,
ξi ≥ 0,

(2)

i = 1, . . . , ℓ,

where ξi , i = 1, . . . , ℓ are slack variables that represent the classification
errors, C is the penalty factor and e is the all one vector with appropriate
dimension. The problem (2) is a standard convex quadratic programming
problem. Its dual problem can be written as follows:
max αT e − 12 αT K̃α
α

(3)

s.t. y T α = 0,
Ce ≥ α
5

≥ 0,

where α ∈ Rℓ is a vector of the dual variables, y = [y 1 , y 2 , · · · , y ℓ ]T , and
T

K̃ ∈ Rℓ×ℓ with K̃ij = y i y j (xi xj ). Problem (3) is a standard quadratic
programming problem as well, for which efficient algorithms are available.
Furthermore, if the problem (3) is a strictly convex quadratic problem, then
the optimal solution is unique. Let α∗ denote the unique optimal solution
of problem (3), then the optimal decision function can be written as:
∗

∗

∗

∗

f (x; w , b ) = f (x; α , b ) =

Ã ℓ
X

y i αi∗ xi

i=1

where w∗ =

Pℓ

i=1 y

i α∗ xi .
i

!T

x + b∗ ,

(4)

Observe that b does not appear in the dual prob-

lem, so b∗ must be found by making use of the primal constraints and the
complementary conditions, i.e., b∗ is chosen so that:
y i (f (xi ; α∗ , b∗ ) = 1,

∀i : 0 < αi∗ < C.

(5)

Solving the quadratic problem (3) reveals the optimal hyperplane in X with
respect to the given training set Z and penalty factor C. In order to learn a
nonlinear decision function for a linearly inseparable training set, a common
strategy [17] involves mapping the representation of the data from X to a
feature space F:
x = (x1 , x2 , . . . , xn ) 7→ Φ(x) = (φ1 (x), φ2 (x), . . . , φN (x)).
Here φi (x) : X → F, i ∈ {1, · · · , N } are usually nonlinear functions representing the new features in the N dimensional feature space F. Then, we
find a hyperplane in the feature space F. To simplify the notation, we still
use w as the weight vector and b the bias in the feature space F. The primal
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problem to be solved in the space F is:
1 T
2w w

min
w,b

+ Cξ T e

s.t. y i (wT Φ(xi ) + b) ≥ 1 − ξi , i = 1, . . . , ℓ
ξi ≥ 0,

(6)

i = 1, . . . , ℓ,

where w ∈ RN is the weight vector of the separating hyperplane. If w∗
and b∗ are the optimal solution of (6), then the optimal decision function in
primal form in F can be expressed as:
f (x; w∗ , b∗ ) =

N
X

wi∗ φi (x) + b∗ = (w∗ )T Φ(x) + b∗ .

(7)

i=1

The corresponding dual problem in F is:
max eT α −
α

1
2

ℓ
X

y i y j αi αj (Φ(xi )T Φ(xj ))

i,j=1

s.t.

yT α

(8)

= 0,

Ce ≥ α ≥ 0.
Note that in the above process, we take indeed two steps to build a
nonlinear decision boundary in an original input space X . The first step is
to map the data representation from X into F by Φ(x). Then, in the second
step, a linear learning machine is applied to find the optimal hyperplane in
F. An easy way to combine these two steps into one is to compute the kernel
matrix K with Kij = Φ(xi )T Φ(xj ), then solve the corresponding quadratic
optimization problem to find the classifier in the feature space F. Such a
method is called a kernel method [7].
Definition 2.1 A function K : Rn × Rn → R is a kernel function if there
exists a function Φ(x) : Rn → R such that
K(x, z) = Φ(x)T Φ(z),
7

∀x, z ∈ X .

It can be proved that any functions K : Rn × Rn → R is a kernel function
if the corresponding kernel matrix K is positive semidefinite [7].
The following are few sample kernel functions [17]:
1. The Gaussian kernel K(x, z; σ) = exp(−σkx − zk2 ),
2. Polynomial kernel K(x, z; d) = (xT z + c)d ,
3. Sigmoid kernel K(x, z; σ) = tanh(σ · xT z + 1).
Now we can rewrite problem (8) as:
max αT e − 21 αT K̃α
α

(9)

s.t. y T α = 0,
Ce ≥ α

≥ 0,

where K̃ij = y i y j Φ(xi )T Φ(xj ). Note that the dual problem is the same as
the problem (3) except that a different kernel matrix K̃ is used. This makes
it clear that the introduction of non-linear mappings does not influence the
formulation of the dual problem except for a matrix, which is the only part
related to the non-linear mapping.

3
3.1

Self-adaptive Support Vector Machines
SASVMs for Model Selection

The immediate question arisen from the introduction of kernel functions is
how to decide the suitable values for kernel parameters and what principle we
should follow to choose the values for kernel parameters. In this section, we
provide partial answers to these issues. To be more specific, we restrict our
discussion to the case of SVMs where the kernel functions are parameterized
8

by σ. For convenience, the notation f (x; σ) means that f is a function of x
with a parameter σ.
For any fixed kernel parameter σ, problem (9) is a standard quadratic
problem that can be solved by several standard optimization solvers like
LOQO [16], MINOS [5] etc. Suppose that σ can take any values in a certain
range. Then the number of corresponding non-linear mappings becomes
infinite. Let us denote the whole set of mappings by M. We concentrate on
the following model selection problem: find the particular mapping in M
that minimizes kw∗ k2 + Cξe, which is the objective in a SVM model with a
fixed kernel. This leads to the following bi-level optimization problem:
min

Φ(x)∈M

(w̃∗ )T w˜∗ + Cξ T e

s.t. w∗ = arg min wT w + Cξ T e

(10)

w,b

s.t.

y i (wT Φ(xi )

+ b) ≥ 1 − ξi , i = 1, . . . , ℓ,
ξi ≥ 0,

i = 1, . . . , ℓ.

The upper level problem is usually called the leader’s problem, and the
lower level problem the follower’s problem. In our setting (10), the decision
variable of the leader’s problem is the mapping Φ(x) drawn from the whole
space of mappings M, and the variables of the follower’s problem are w in
appropriate dimensions and b.
However, although we have derived problem (10) for model selection,
it is nontrivial to solve it. The difficulty comes from two aspects. First,
the follower’s problem is not defined completely until the mapping is given
explicitly. In other words, when the mappings are different, the formulations
of the follower’s problems are different as well. Secondly, it is unclear how to
find a descent search direction in the mapping space M. These difficulties
can be released partially if we consider the dual of the follower’s problem, as
9

we can define explicitly the optimal value of the dual problem as a function
of the parameter σ. Correspondingly, we rewrite problem (10) by means of
the parameter σ with the follower’s problem replaced by its dual problem
min F (σ, α(σ)) = αT (σ)e − 21 αT (σ)K̃(σ)α(σ)
σ

s.t. α(σ) = arg max αT e − 21 αT K̃(σ)α
α

s.t.

yT α

(11)

= 0,

Ce ≥ α

≥

0,

where K̃(σ) is a matrix parametric in σ, (K̃(σ))ij = K(xi , xj ; σ). Now,
instead of minimizing over a space of mappings, we can seek the optimal
kernel parameter σ that minimize the objective in (11). We call it the bilevel problem (BLP) for SASVMs.
By solving the BLP of SASVMs for a given kernel function type and the
penalty factor C, we are simultaneously tuning σ, α and b to appropriate
values. In problem (11), we treat the penalty factor C as a given constant.
It is natural to deal with the kernel parameter and penalty factor separately
because they play different roles in machine learning. The kernel parameter
affects the underlying mapping from X to F, and thus the VC dimension
of the hypothesis space [17], while the penalty factor maintains the tradeoff
between the maximal margin and the number of the misclassifications. If
the classification task is critical and the cost of misclassification is very
expensive, then we should use a relatively larger penalty parameter to reduce
the misclassification error.

3.2

SASVMs for Feature Selection

For the feature selection, we follow the idea introduced in [4]. A vector β ∈
Rn is applied to describe the contributions of features to the final decision
10

boundary. A small value of an element of β means that the corresponding
feature does not contribute much to the classification, consequently we can
remove it from the data set without affecting the classification accuracy
significantly.
The vector β can be integrated into the kernel functions. For instance,
the Gaussian kernel functions can be extended as
i

Ã P
n

j

Kext (x , x ; σ; β) = exp −

i
k=1 βk (xk
2σk2

− xjk )2

!

.

(12)

Note that setting the vector β equal to 1 gives rise to the original Gaussian
RBF kernel function. Similarly, polynomial kernels can also be extended as
follows:
i

j

Kext (x , x ; d; β) =

Ã

n
X

βk (xik xjk )

+c

k=1

!d

,

(13)

and linear kernel function can be extended as:
Kext (xi , xj ; β) =

n
X

βk (xik xjk ).

(14)

k=1

However, there is no guarantee that the resulting kernel matrices are still
positive semidefinite. The indefiniteness of the extended kernel matrix creates extra difficulty in solving the follower’s problem as the resulting follower’s problem is no longer convex.

4
4.1

Solving the BLP of SASVMs
Converting Into an Equivalent One-level Problem

One way to solve problem (11) is to convert the bi-level problem into a onelevel problem by replacing the follower’s problem by its corresponding KKT
conditions. This approach is valid because, due to the convexity of the follower’s problem, replacing the follower’s problem by its corresponding KKT
11

conditions won’t change the value of the objective at the upper level. Consequently, we obtain the following optimization problem with complementary
constraints
min

α,σ,r,u,v

F (σ, α(σ)) = eT α − 12 ᾱT K(α)ᾱ

s.t. e − ȳ + ry + u − v = 0,
v T (Ce − α) = 0,
uT α = 0,
y T α = 0,

(15)

Ce ≥ α,
α ≥ 0,
σ ≥ 0,
u ≥ 0,
v ≥ 0.
For a training set of size ℓ, problem (15) has ℓ + 2 non-linear equality constraints, one linear constraint, together with non-negativity and box constrains on the decision variables. It is not easy to solve this problem especially when the size of a training set is large.
Several non-linear optimization solvers including MINOS and LOQO
are tested on a training set of 100 points of two classes scattered in a 2dimensional space under the AMPL [9] environment. Among those solvers,
only LOQO managed to solve this problem successfully in a reasonable CPU
time. Our experiment also shows that, even for a training set with 200 points
in two classes, problem (15) can not be solved efficiently by LOQO. However,
in the real world, it is quite common to have to have a training set with size
more than 1000 points. Hence from a viewpoint of practical application and
efficiency, we have to find more efficient ways to solve the BLP of SASVMs.
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4.2

Derivative Free Approach

The Derivative Free Optimization (DFO) algorithms are a special class of
algorithms that are designed to solve the problem
min f (x),

x∈Rn

for the case where f is a complex function whose gradient ∇f (x) is not
available or very expensive to compute. For example, when f (x) is not
explicitly defined or f (x) can only be computed via very complex computer
simulation, then we have to refer to DFO because DFO requires only the
objective values at limited number of points. For a basic introduction to
DFO methods, the readers are referred to [6, 8]
For the bi-level problems of (11), the objective in the leader’s problem
can be evaluated by solving the follower’s problem. Further, if we restrict
us to the model selection problem with Gaussian kernel functions only, then
problem (11) reduces to an optimization problem in R at the upper level.
In case of feature selection, the size of the optimization problem at the upper level is exactly the same as the number of the features in X . Since in
most cases the number of the features in X is much less that the number of
instances in a training set, the size of the problem at the upper level is usually small. The main effort is to solve the standard quadratic optimization
problems. These facts motivate us to use the DFO approach to solve the
BLPs of SASVMs. We mention that in our experiments, we use the DFO
package developed in the thesis [8].
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5

Experimental Results

5.1

Hand Written Digit Recognition

In this section, we report our experimental results based on SASVMs. We
first test the USPS handwritten digits database [12], a well known data set
in the machine learning community. This data set contains normalized grey
scale images of size 16 × 16, divided into a training set of 7291 images and a
test set of 2007 images. A human error rate estimated to be 2.5% indicates
that it is a hard recognition task.
Only RBF kernels are tested for this data set. This is because, as observed by Vapnik [17], the performance of SVMs based on polynomial kernels
and RBF kernels are quite similar while RBF kernels provide a good chance
for kernel parameter tuning due to the introduction of the parameter σ. Table 1 shows the performance of SASVM on the USPS data set at different
penalty values. We can see that if the penalty is too big, SASVM tends
to overfit the training set. Hence, even though SASVM can change the
kernel parameter automatically, the user still need to control the choice of
the penalty parameter to achieve the best possible generalized performance.
The lowest error rate of 4.73% achieved by SASVM is close to the error rate
of 4.1% achieved by other SVM classifers [17]. This shows that our bi-level
approach provides an efficient way to tune the kernel parameter.
Table 1: SASVM Overall Performance on USPS Data Set
Penalty C

0.1

1

10

13

17

25

50

100

Training accuracy

96.04

99.79

99.99

99.99

99.99

99.99

1

1

Testing accuracy

91.98

94.92

95.27

95.27

95.27

95.22

95.12

95.12
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5.2

Breast Cancer Diagnosis

The breast cancer diagnosis data set [15] is another commonly used data
set in machine learning. It contains 569 instances, among which 357 instances are in the class “benign” and the remaining instances are “malignant”. There are totally 30 features, which are all real values, computed
from a digitized image of a fine needle aspirate (FNA) of a breast mass.
The target of learning is to distinguish benign from malignant ones masses.
The best predictive accuracy of 97.5% [1] is obtained using one separating
plane in the space formed from only 3 features (Worst Area, Worst Smoothness and Mean Texture).

Following the work done by [1], we used the repeated 10-fold cross validation to estimate the performance of SASVM on this data set. Since SASVM
performs poorly on the 3 features used in [1], we decided to use all the 30
features. For each fold, different penalties were tried until the best testing
accuracy was found. Table 2 shows the accuracy on the training and testing
set at each fold and the corresponding penalty. The average accuracy on
the testing set is 94.56%.
Table 2: SASVM Performance on Breast Cancer Data Set
Fold Number

1

2

3

4

5

6

7

8

9

10

2.0

1.0

5

0.5

0.5

1.0

1.0

0.3

0.3

1.0

Training accur.

96.48

95.31

1

94.34

94.14

94.74

94.53

92.77

93.25

95.34

Testing accur.

92.98

92.98

92.98

94.74

96.49

92.98

96.49

98.25

91.23

96.49

Penalty C

5.3

Feature Selection Experiment

The second data set we examined is a data set of 26 points scattered in 2dimensional space. The corresponding bi-level problem is converted into
15

a one-level problem by the means of KKT condition replacement.

We

find the optimal values for the kernel parameter found by LOQO [16] as
σ ∗ = [0.575913, 1.5386e−9 ]T . The kernel parameter associated with the second feature is very small. Thus, we remove this feature from the training
set and run the optimization process again. As expected, the optimal kernel
value for the remaining feature is unchanged. This verifies our observation that the second feature does not play a significant role in defining the
decision boundary. Figure 1 displays the optimal decision boundaries for
Figure 1: Optimal Decision Boundaries in R2 and R
2−dimensional decision boundary
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6

5

4

3

0

1

2

3

4

5

6

7

8

9

10

7

8

9

10

1−dimensional decision boundary

0

1

2

3

4

5

6

this data set as it is found by LOQO before and after feature selection.
The upper part of Figure 1 displays the optimal boundary in the original
2-dimensional space where a common kernel parameter is used for both features. The generalization accuracy as estimated by SV M Light [11] is 61.54%.
The lower part of Figure 1 displays the decision boundary in 1-dimensional
16

space, where the points are projected onto 1-dimensional space. The number
of misclassifications made by the 1-dimensional decision function are 3, one
less than the misclassifications made by the 2-dimensional decision function.
Meanwhile, the 1-dimensional decision function is simpler than the one in
the 2-dimensional space in the sense it involved only one feature. The generalization accuracy in this situation is 76.92%, which is much higher than
the generalization accuracy achieved in the 2-dimensional space.

6

Conclusions and Future Work

We have proposed a bi-level optimization model for the problem of model
and feature selection in SVMs. By solving the reformulated bi-level optimization problem, we can automatically tune the parameters used in the
kernel functions to find the optimal model in SVMs. This provides a systematic way of learning from the training set. It is worthwhile mentioning
that in our bi-level model, we use directly the solution obtained from the
follower’s problem as the objective at the upper level. This avoids the estimation of the generalization performance.
Two approaches for solving the BLP of SASVMs are examined. Our
limited experiments indicate that the direct algorithm based on the KKT
system for the follower’s problem is feasible only for small-size problems,
while the DFO method provides an efficient approach for attacking the BLP
of SASVMs.
Experiments also show that the performance of SASVM is significantly
influenced by the choice of the penalty parameter. This issue is not addressed
in the present SASVM package. It is natural to consider whether we can
put the penalty factor into our bi-level optimization framework. More study
17

is still needed to find a suitable value for the penalty parameter.
Finally, we point out that although SASVM can deal with the problem
of model and feature selection, there are still challenges ahead, in particular
regarding to feature selection. For example, it is worthwhile investigating
under what conditions the extended kernel matrix is still positive semidefinite. We hope future study can help us to address these questions.
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