McMaster University
Advanced Optimization Laboratory

Title:
0-1 Semidefinite Programming for Spectral
Clustering: Modeling and Approximation
Author:
Jiming Peng

AdvOl-Report No. 12, 2005
July 2005, Hamilton, Ontario, Canada

0-1 Semidefinite Programming for Spectral
Clustering: Modeling and Approximation
Jiming Peng

∗

July 18, 2005

Abstract
In the past few years, spectral clustering has caught much attention
in the machine learning community and numerous algorithms have
been proposed and well-studied. In this paper, we present a unified
framework for these methods based on a new optimization model: 0-1
semidefinite programming (0-1 SDP). We also show how the so-called
balanced clustering can be embedded into the new 0-1 SDP model.
Secondly, we consider the issue of how to solve the underlying 0-1 SDP
problem. We consider two approximation methods based on principal
component analysis (PCA) and projected PCA, respectively and prove
that both algorithms can provide a 2-approximation to the original
clustering problem. The complexity of these approximation algorithms
are also discussed.
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Introduction

In general, clustering involves partition a given data set into subsets based
on the closeness or similarity among the data. Clustering is one of major
issues in data mining and machine learning with many applications arising
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from different disciplines including text retrieval, pattern recognition and
web mining[11, 14]. There are many kinds of clustering problems and algorithms, resulting from various choices of measurements used in the model
to measure the similarity/dissimilarity among entities in a data set. For a
comprehensive introduction to the topic, we refer to the book [11, 14], and
for more recent results, see survey papers [7] and [12].
In the present paper, we are mainly concerned about the so-called spectral clustering. Given a set of points X = {xi ∈ ℜm : i = 1, · · · , n},
in spectral clustering we first define a similarity matrix W = [wij ] where
sij = φ(xi , xj ) for some kernel function φ(·), which can be further interpreted as the weight of the edge (xi , xj ) in a graph with vertex set X . We
then solve a graph partitioning problem or an optimization problem to cluster the data set.
There are many variants of spectral clustering depending on various
choices of the similarity matrix W and the optimization model we solve [21,
1, 26, 18]. Among others, we shall focus on the following three specific clustering algorithms: (1) The so-called normalized cut for image segmentation
introduced by Shi and Malik [21] and later investigated by Xing and Jordan [26]; (2) The classical K-means clustering based on minimum sum of
squared errors [16]; (3) The kernel (weighted) K-means by Dhillon, Guan and
Kulis [5]. We point out that the interrelations among these algorithms has
been explored in [5]. In[23], Verma and Meila compared several clustering
algorithms that included the above mentioned methods and introduced the
concept of the so-called perfect set for which the algorithm works well. The
main purpose of this work is to present a unified framework for the abovementioned methods and investigate how to solve the unified optimization
model. However, as we shall see later, our unified framework covers not
only these few algorithms, but also some other clustering scenarios as well.
This paper is inspired by our recent paper [20] where we reformulated
the classical K-means clustering as the so-called 0-1 SDP and proposed a
2-approximation method based on projected PCA to attack the underlying
0-1 SDP model. It has been observed that except for its excellent theoretical
properties and high computational efficiency, the algorithm in [20] can be
easily extended to deal with the so-called balanced clustering where the
cardinality of the clusters is bounded.
A popular approach for spectral clustering is to use PCA to reduce the
dimension of the data set and then perform the clustering in the reduced
space [4, 6, 27, 18]. There are several issues need to be addressed in such an
approach. First, how the new clustering problem in the reduced space can
be solved? Secondly, how to estimate the quality of the solution obtained
3

from the reduced problem. Unfortunately, most of the above mentioned
works did not provide a very satisfactory answer to these questions and
only Drineas et’al [6] showed that their algorithm can give a 2-approximation
to the original clustering problem. The algorithm in [20] follows a similar
vein as the algorithm in [6] in the sense that both algorithms use PCA
to reduce the dimension of the space and both algorithms can provide a 2approximation solution to original problem. However, the motivation behind
these algorithm are quite different. In [6], PCA is employed to reduce the
dimension of data so that the reduced problem can be solved relatively easily,
while the algorithm in [20] is based on the relaxation of the 0-1 SDP model.
Note that there are several different ways to relax the 0-1 SDP model. On
the other hand, the dimension of the working space in [20] is smaller than
that in [6]. This simplifies the algorithm and improves its efficiency.
There have been several works on the SDP relaxation for spectral clustering. For example, Zha et’al [27] rewrote the objective in the classical
K-means clustering as a convex quadratic function and then relaxed it an
SDP problem, which can be solved by using singular values decomposition
of the underlying coefficient matrix. Similar discussions for normalized cuts
and kernel K-means can be found in [26]. However, different from the abovementioned approaches, we elaborate more on how to characterize spectral
clustering precisely by means of matrix arguments. In particular, we show
that all the three methods can be embedded into the so-called 0-1 semidefinite programming (SDP), which can be further relaxed to polynomially
solvable linear programming (LP) and SDP. Our model not only provides
novel avenues for spectral clustering, but also gives insightful analysis about
these algorithms. For example, as a byproduct of our analysis, we show that
the algorithm proposed by Shi and Malik [21] can provide a 2-approximation
to the original bi-clustering problem.
The paper is organized as follows. In Section 2, we show that all the
three methods for spectral clustering can be modelled as 0-1 SDP, which
allows convex relaxation such as SDP and LP. In Section 3, we consider
two approximation algorithms for solving our 0-1 SDP model. The first is
the popular approach for spectral clustering that uses PCA to reduce the
dimension of the data set, and then performs the clustering task in the lower
dimension. The second one is based on the projected PCA which can be
viewed as a slight improvement of the first algorithm. Approximate ratios
for both algorithms between the obtained solution and the global solution
of the original spectral clustering are estimated. Finally we close the paper
by few concluding remarks.
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2

0-1 SDP for spectral clustering

In this section, we present a unified framework for spectral clustering under
the umbrella of 0-1 SDP model. The section has three parts. In the first
part, we briefly describe SDP and 0-1 SDP. In the second part, we review
the 0-1 SDP model for the classical K-means clustering and kernel K-means.
In the last subsection, we establish the equivalence between 0-1 SDP and
normalized cuts.

2.1

0-1 Semidefinite Programming

In general, SDP refers to the problem of minimizing (or maximizing) a linear
function over the intersection of a polyhedron and the cone of symmetric
and positive semidefinite matrices. The canonical SDP takes the following
form

 min Tr(WZ)
S.T. Tr(Bi Z) = bi fori = 1, · · · , m
(SDP)

Z0

Here Tr(.) denotes the trace of the matrix, and Z  0 means that Z is
positive semidefinite. If we replace the constraint Z  0 by the requirement
that Z 2 = Z, then we end up with the following problem

 min Tr(WZ)
S.T. Tr(Bi Z) = bi fori = 1, · · · , m
(0-1 SDP)

Z 2 = Z, Z = Z T

We call it 0-1 SDP owing to the similarity of the constraint Z 2 = Z to the
classical 0-1 requirement in integer programming.

2.2

0-1 SDP Model for K-means and Kernel K-means clustering

Let us consider the following special form of 0-1 SDP.
min

Tr(W(I − Z))
Ze = e, Tr(Z) = k,
Z ≥ 0, Z = Z T , Z 2 = Z.

We first cite a result from [20] without proof.
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(1)

Proposition 2.1. Finding a global solution of the classical K-means clustering equals to solving the 0-1 SDP problem (1) where wij = xTi xj .
A straightforward extension of the above model is to use other kernel
matrices rather than the one in the classical K-means. For example, if we
choose
2

−

wij = φ(xi , xj ) = exp

kxi −xj k
σ

,

σ > 0,

(2)

then we end up with the so-called kernel K-means.
Except for the above mentioned cases, the 0-1 SDP model can also be
applied to the so-called balanced clustering [3] where the number of points
in every cluster is restricted. One special case of balanced clustering is
requiring the number of points in every cluster must be equal to or large
than a prescribed quantity ñ. It has been observed in [20] that such a
requirement can be incorporated into the above 0-1 SDP by adding extra
constraints Zii ≤ ñ1 to (1), which leads to the following problem
min

Tr(W(I − Z))
1
Zii ≤ , i = 1, · · · , n,
ñ
Ze = e, Tr(Z) = k,

(3)

Z ≥ 0, Z 2 = Z, Z = Z T .

2.3

0-1 SDP Model for K-ways Normalized Cut

Recently, the k-ways normalized cut received much attention in the machine
learning community, and many interesting results about such an approaches
have been reported [5, 9, 17, 18, 21, 25, 26]. In particular, Dhillon [5] at’al
showed that the normalized cut is equivalent to the weighted kernel Kmeans. Xing and Jordan [26] considered an SDP relaxation for normalized
k-cut. We next show that the k-ways normalized cut can be embedded into
the 0-1 SDP model. Let us first recall the exact model for normalized kcut [26]. Let W be the affinity matrix defined by (2) and X = [xij ] ∈ ℜn×k
be the assignment matrix defined by

1 If xi is assigned to Cj ;
xij =
0
Otherwise,
e be the all 1 vector in suitable space and Fk be a set defined by
Fk = {X : Xek = en , xij ∈ {0, 1}}.
6

Let d = W en and D = diag (d). The exact model for normalized k-cut
in [26] can be rewritten as

min
Tr D−1 W − (XT DX)−1 XT WX
(4)
X∈Fk

If we define
1

1

Z = D 2 X(X T DX)−1 X T D 2 ,
then we have

(5)

1

1

Z 2 = Z, Z T = Z, Z ≥ 0, Zd 2 = d 2 .
Therefore, we can rewrite the objective function in (4) as a linear function
via using matrix argument. By adding the above conditions for the matrix
Z, we obtain the following 0-1 SDP problem:
 1

1
min
Tr D− 2 WD− 2 (I − Z)
(6)
1

1

Zd 2 = d 2 , Tr(Z) = k,
2

(7)
T

Z ≥ 0, Z = Z, Z = Z .

(8)

We have
Theorem 2.2. Finding a global solution of problem (4) equals to solving
the 0-1 SDP problem (6).
Proof. To prove the theorem, we first note that any feasible solution for
problem (4) can be transferred into as a feasible solution of problem (6).
If remains to show that from any feasible solution of problem (6), we can
construct a feasible assignment matrix X for problem (4).
Suppose that Z is a feasible solution of problem (6). We can define a
1
1
matrix Z̄ = D− 2 ZD 2 . It follows from the constraints (7)-(8) that
Z̄ 2 = Z̄, Z̄e = e, Z̄ ≥ 0.

(9)

Let
z̄i0 j0 = arg max z̄ij , J0 = {i : z̄ij0 > 0}.
P
Since Z̄ 2 = Z̄ and nj=1 z̄i0 j = 1, it must hold
X

z̄ij0

= z̄i0 j0 ,

z̄i0 j

= 1,

∀i ∈ J0 ,

z̄i0 j = 0

j∈J0

7

∀j 6∈ J0 .

Recall the definition of the matrix Z̄, we can decompose the matrix Z̄ into
a bock matrix with the following structure


Z̄J0 J0
0
,
(10)
Z=
0
Z̄J¯0 J¯0
where J¯0 = {i : i 6∈ J0 }. Now we claim that Z̄J0 J0 is a submatrix with rank
1 for which all the elements in any column are equivalent. To see this, let
us choose any column from the submatrix Z̄J0 J0 and consider the minimum
element in that column, i.e., for a fixed j ∈ J0 ,
z̄i1 j = arg min z̄ij .
i∈J0

From the relation (9) we have
X
X
z̄i1 j =
z̄i1 k z̄kj ≥ z̄i1 j
z̄i1 k = z̄i1 j ,
k∈J0

k∈J0

and the equality holds if and only if all the element in the column are
equivalent. Since Z̄J0 J0 is a rank one matrix and the sum of each row
equals 1, its trace also equals 1.
From the above discussion we can see that we can put all the points associated with the index set J0 into one cluster, and reduce the corresponding
0-1 SDP model (6) to a smaller problem as follows
 1

−2
− 21
min
Tr DJ¯ WJ¯0 J¯0 DJ¯ (I − ZJ¯0 J¯0 )
0

0

1
2

1
2


ZJ¯0 J¯0 dJ¯ = dJ¯ , Tr ZJ¯0 J¯0 = k − 1,
0

0

ZJ¯0 J¯0 ≥ 0, ZJ2¯0 J¯0 = ZJ¯0 J¯0 , ZJ¯0 J¯0 = ZJT¯0 J¯0 .
Repeating the above process, we can reconstruct all the clusters from a
solution of problem (6). This establishes the equivalence between the two
models (4) and (6).
It should be noted that the only difference between (1) and (6) is the
introduction of the scaling vector d. This coincides with the observation
in [5]. However, we would like to point out that it is not so easy to add
extra constraints such as the number of points in each cluster to model (6),
while adding balanced constraint to (1) is a trivial task.
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3

Approximate Algorithms for Solving 0-1 SDP

In this section we discuss how to solve the 0-1 SDP model for spectral
clustering. For simplification of our discussion, we restrict us to the following
unified model
min

Tr(W(I − Z))

(11)

Zs = s, Tr(Z) = k,
2

(12)
T

Z ≥ 0, Z = Z, Z = Z ,

(13)

where s is a positive scalar vector satisfying ksk = 1. Throughout the paper,
we further assume that the underlying matrix W is positive semidefinite.
This assumption is satisfied in both the MSSC model (1) and the normalized
k-cuts (6).
The section consists of two parts. In the first subsection, we give a
general introduction to algorithms for solving (11) and then describe an
approximation algorithm based on PCA. In the second part, we propose a
new approximation method for (11) based on projected PCA.

3.1

Approximation Algorithms for 0-1 SDP Based on PCA

We first describe a general scheme of approximation algorithms for (11).
Approximation Algorithm Based on Relaxation
Step 1: Choose a relaxation model for (11),
Step 2: Solve the relaxed problem for an approximate solution,
Step 3: Use a rounding procedure to extract a feasible solution to (11)
from the approximate solution.
The relaxation step has an important role in the whole algorithm. For
example, if the approximation solution obtained from Step 2 is feasible for
(11), then it is exactly an optimal solution of (11). On the other hand, when
the approximation solution is not feasible regarding (11), we have to use a
rounding procedure to extract a feasible solution.
Various relaxations and rounding procedures have been proposed for
solving (11) in the literature. For example, in [19], Peng and Xia considered
a relaxation of (11) based on linear programming and a rounding procedure
was also proposed in that work. Xing and Jordan [26] considered the SDP
relaxation for normalized k-cuts and proposed a rounding procedure based
on the singular value decomposition of the solution Z of the relaxed problem,i.e., Z = U T U . In their approach, every row of U T is cast as a point
9

in the new space, and then the weighted K-means clustering is performed
over the new data set in ℜk . Similar works for spectral clustering can also
be found in [9, 17, 18, 25, 27] where the singular value decomposition of
the underlying matrix W is used and a K-means-type clustering based on
the eigenvectors of W is performed. In the above-mentioned works, the
solutions obtained from the weighted K-means algorithm for the original
problem and that based on the eigenvectors of W has been compared, and
simple theoretical bounds have been derived based on the eigenvalues of W .
The idea of using the singular value decomposition of the underlying matrix W is natural in the so-called principal component analysis (PCA) [13].
In [4], the link between PCA and K-means clustering was also explored
and simple bounds were derived. In particular, Drineas et’al [6] proposed
to use singular value decomposition to form a subspace, and then perform
K-means clustering in the subspace ℜk . They proved that the solution obtained by solving the K-means clustering in the reduced space can provide
a 2-approximation to the solution of the original K-means clustering.
In what follows we consider an approximation algorithm similar to what
reported in [26], which is based on the SDP relaxation of (11). There are
several different ways to relax the 0-1 SDP model (11). First of all, the
constraint Z 2 = Z implies that Z must be a projection matrix. This implies
0  Z  I. Since we further require Z ≥ 0, which indicates that there exists
exactly one nonnegative eigenvector corresponding to the largest eigenvalue
of Z (see Theorem 1.3.2 of [2]). On the other hand, since s is a nonnegative
eigenvector of Z. It follows immediately that the largest eigenvalue of Z
equals 1. In such a case, the constraint Z  I becomes superfluous and can
be waived without any influence. Therefore, we need only to consider the
following relaxed SDP problem
min

Tr(W(I − Z))

(14)

Tr(Z) = k, Z  0,
Zs = s, Z ≥ 0.
The above problem is feasible and bounded below. We can apply many
existing optimization solvers such as interior-point methods to solve (14).
However, we would like to point out here that although there exist theoretically polynomial algorithms for solving (14), most of the present optimization solvers are unable to handle the problem in large size efficiently.
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By further removing the nonnegative requirement and the scaling constraint Zs = s in (14), we obtain the following simple optimization problem
min

Tr(W(I − Z))

(15)

Tr(Z) = k, Z  0,

(16)

which can be solved by using the singular value decomposition of W . Denote
W = U diag (λ1 , · · · , λn )U T ,
where λi are the eigenvalues of W listed in the decreasing order, and U is an
orthogonal matrix whose i-column is the eigenvector corresponding to λi . It
follows immediately [26]
Theorem 3.1. Suppose Z ∗ is a global solution to problem (11), we have
Tr(W(I − Z∗)) ≥ Tr(W) −

k
X

λi .

i=1

To extract a feasible solution to the original model, we use the k eigenvectors multiplied by the squared root of their corresponding eigenvalues,
1

1

i.e., λ12 u1 , · · · , λk2 uk . Therefore, we get a matrix in ℜn×k for which every
row represent a point in ℜk . We then perform the clustering task based on
the new data set. From our analysis in Section 2, we know that this equals
to solve the model (11) where the matrix W is replaced by its projection
(Wk ) onto the subspace generated by the eigenvectors u1 , · · · , uk , i.e.,
Wk =

k
X

λi ui uTi .

i=1

The algorithm scheme can be described as follows:
Algorithm 1: Approximation Method based on PCA
S.1 Perform a singular value decomposition for the coefficient matrix W .
S.2 Calculate the matrix Wk by using the first k largest eigenvalues of W
and their corresponding eigenvectors.
S.3 Solve the 0-1 SDP model with the coefficient matrix Wk and cluster
the data set based on the obtained assignment matrix.
We have
11

Theorem 3.2. Suppose Z ∗ is a global solution to the original problem (11)
and Zk∗ is a global solution to the reduced problem (11) where W is replaced
by Wk . Then we have
Tr(W(I − Z∗k )) ≤ 2Tr(W(I − Z∗ )).
Proof. Let us define
Uk =

k
X

ui uTi .

i=1

From Theorem 3.1, we have
Tr(W(I − Uk )) ≤ Tr(W(I − Z∗ )).
Since
Tr(W(I − Z∗k )) = Tr(W(I − Uk )) + Tr(W(Uk − Z∗k )),
to prove the theorem, it suffices to show that
Tr(W(Uk − Z∗k )) ≤ Tr(W(I − Z∗ )),
which can be stated as
Tr(W(I − Uk + Z∗k − Z∗ )) ≥ 0.

(17)

From the choice of Uk , we have
W k = W U k = Uk W U k ,
W − Wk = W (I − Uk ) = (I − Uk )W (I − Uk )

Uk = Uk2 ;

(I − Uk )2 = I − Uk .

Since Zk∗ is a solution of problem (11) with a coefficient matrix Wk , we have
Tr(Wk (I − Z∗k )) ≤ Tr(Wk (I − Z∗ )).

(18)

It follows
Tr(W(I − Uk + Z∗k − Z∗ ))

= Tr(WUk (I − Uk + Z∗k − Z∗ ))
+Tr(W(I − Uk )(I − Uk + Z∗k − Z∗ ))
= Tr(Wk (I − Uk + Z∗k − Z∗ ))
+Tr(W(I − Uk )(I + Z∗k − Z∗ ))
≥ Tr(Wk (Z∗k − Z∗ )) + Tr(W(I − Uk )(I − Z∗ ))
≥ Tr((I − Uk )W(I − Uk )(I − Z∗ )) ≥ 0,
12

where the first inequality is given by the fact that I − Uk  0, the second
inequality by (18) and the fact that Zk∗  0, and the last one by I − Z ∗  0.
This proves the relation (17), which further yields the theorem.
We point out although we have proved that the algorithm based on PCA
can provide a 2-approximation solution, it indeed requires to find the global
solution of the reduced problem. In general, this is still a nontrivial task.
For example, for the classical K-means clustering with a data set in ℜk ,
3
Drineas et’al [6] proposed an algorithm that runs in O(nk /2 ) time. Even
for the special case k = 2, such an algorithm is clearly impractical for large
data set.

3.2

An approximation Algorithm Based on Projected PCA

In this subsection, we propose a new approximation algorithm based another relaxation form of the model (11). Let us recall that in the relaxed
model (14), we stipulate that s is an eigenvector of the final solution matrix
Z. Since we already know this fact in advance, we can keep such a simple
constraint in our relaxed problem. We therefore obtain another form of relaxation For example, if we remove only the nonnegative requirement in the
relaxation form (14), then we obtain the following 0-1 SDP problem:
min

Tr(W(I − Z))

(19)

Zs = s, Tr(Z) = k,
Z  0.
We next discuss how to solve the above problem. First, we note that for
any feasible solution of (19), let us define
Z̄ = Z − ssT .
It is easy to see that
Z̄ = (I − ssT )Z = (I − ssT )Z(I − ssT ),

(20)

i.e., Z̄ represents the projection of the matrix Z onto the null subspace of
s. Moreover, since ksk = 1, it is easy to verify that

Tr Z̄ = Tr(Z) − 1 = k − 1.
Let W denote the projection of the matrix W onto the null space of s, i.e.,
W = (I − ssT )W (I − ssT ).
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(21)

Then, we can reduce (19) to
min


Tr W(I − Z̄)

Tr Z̄ = k − 1,

(22)

Z̄  0.

Let λ1 , · · · , λn−1 be the eigenvalues of the matrix W listed in the order of
decreasing values. The optimal solution of (22) can be achieved if and only
if
k−1
 X
Tr WZ̄ =
λi .
i=1

This gives us an easy way to solve (22) and correspondingly (19). We call it
projected PCA to differentiate it from the standard PCA. The algorithmic
scheme for solving (19) can be described as follows:
Projected PCA
Step 1: Calculate the projection W via (21);
Step 2: Use singular value decomposition method to compute the first
k −1 largest eigenvalues of the matrix W and their corresponding
eigenvectors u1 , · · · , uk−1 ,
Step 3: Set
k−1
X
ui ui T .
Z = ssT +
i=1

From our above discussion, we immediately have
Theorem 3.3. Let Z ∗ be the global optimal solution of (11), and λ1 , · · · , λk−1
be the first k − 1 largest eigenvalues of the matrix W . Then we have
Tr(W(I − Z∗ )) ≥ Tr(W) − sT Ws −

k−1
X

λi .

i=1

In the sequel we propose a rounding procedure to extract a feasible
solution for (11) from a solution of the relaxed problem (19) provided by
the projected PCA. Our rounding procedure follows a similar vein as the
rounding procedure in the previous subsection. In case no confusion occurs,
we use the notation introduce in the previous subsection. Let
Uk−1 =

k−1
X
i=1

14

ui uTi

be the solution matrix obtained from the projected PCA, and
Uk = ssT + Uk−1 ,

W k−1 = W (I − Uk−1 ).
1

We can formulate a matrix in ℜn×(k−1) whose i-th column is λi2 ui . Then we
cast each row in such a matrix as a point in ℜk−1 . We thus obtain a data set
of n points in ℜk−1 . Then we perform the clustering task for the new data
set. In other words, we need to solve the 0-1 SDP model (11) with a new
coefficient matrix W k−1 . Finally, we partition all the points in the original
space based on the obtained clusters for the new data set.
The whole algorithm can be described as follows.
Algorithm 2: Approximation Method based on Projected
PCA
Step 1: Calculate the projected matrix W of the matrix W onto the null
space of s;
Step 2: Use singular value decomposition to compute the first k−1 largest
eigenvalues of the matrix W and their corresponding eigenvectors
u1 , · · · , uk−1 , and compute the matrix W k−1 ;
Step 3: Solve problem (11) with the coefficient matrix W k−1 and assign
all the points in the original space based on the obtained assignment.
The above algorithm can be viewed as an improved version of the algorithm based on PCA. In particular, in case of bi-clustering, the subproblem
involved in the above algorithm needs only to cluster a data set in one dimension, which can be done in O(n log n) time. For detailed discussion, we
refer the readers to the refined K-means in one dimension described in [20].
This improves the efficiency of the algorithm substantially and allows us to
deal with large-scale data set.
We also point out that such an idea has been employed by Shi and
Malik [21] in their seminar paper on normalized cut for image segmentation.
In that case, the 0-1 SDP model takes the form as in (6) with k = 2.
1
Since d 2 is the eigenvector corresponding to the largest eigenvalue of the
underlying coefficient matrix, Shi and Malik proposed to use the eigenvector
corresponding to second largest eigenvalue of the coefficient matrix to cluster
the data set.
If k ≥ 3, then the subproblem in Algorithm 2 is still nontrivial. For the
classical K-means clustering, we can resort to the algorithm in [6] to solve
15

problem (11) in low dimensional space. It is easy to see that the algorithm
2
takes O(nk (k−1)/2 ) time to find the global solution of the subproblem in
Step 3 of Algorithm 2, which is roughly a k12 /2 fraction of the running time
n
when the same procedure is applied to solve the subproblem in [6]. This is
because the working space in our algorithm is one dimension less than the
space in [6].
We next progress to estimate the solution obtained from Algorithm 2.
We have
Theorem 3.4. Suppose that Z ∗ is a global solution to problem (11) and Zk∗
is the solution provided by Algorithm 2. Then, we have
Tr(W(I − Z∗k )) ≤ 2Tr(W(I − Z∗ )).
Proof. Let Z ∗ be a global solution to (11) and Zk∗ is the solution provided
by Algorithm 2. From the choices of Uk−1 and Uk it follows

Tr (I − Uk )Wk−1 = 0;
(23)

(24)
Tr Uk (W − Wk−1 ) = 0..
From Theorem 3.3, we have

Tr(W(I − Z∗ )) ≥ Tr(W(I − Uk )).

(25)

It follows
Tr(W(I − Z∗k )) = Tr(W(I − Uk + Uk − Z∗k )) ≤ Tr(W(I − Z∗ ))+Tr(W(Uk − Z∗k )).
To prove the conclusion in the theorem, it suffices to show
Tr(W(Uk − Z∗k )) ≤ Tr(W(I − Z∗ )),

(26)

Tr(W(I − Z∗ + Z∗k − U)) ≥ 0.

(27)

or equivalently

By the choices of Z ∗ , Zk∗ and Uk , it is easy to verify
(I − Z ∗ + Zk∗ − U )s = 0,
T

∗

(I − ss )(I − Z +

Zk∗

(28)
T

∗

− U )(I − ss ) = I − Z +

16

Zk∗

− U ). (29)

It follows immediately that

Tr(W(I − Z∗ + Z∗k − U)) = Tr W(I − Z∗ + Z∗k − Uk )


= Tr Wk−1 (I − Z∗ + Z∗k − Uk )


+Tr (I − Z∗ + Z∗k − Uk )(W − Wk−1 )


= Tr (Z∗k − Z∗ )Wk−1 + Tr (I − Z∗ + Z∗k )(W − Wk−1 )

≥ Tr Wk−1 (Z∗k − Z∗ ) ,

where the last equality is given by (23) and (24), and the last inequality is
implied by the fact that I − Z ∗ + Zk∗  0, W − W k−1  0. Recall that Zk∗ is
the global solution of problem (11) with the coefficient matrix W k−1 while
Z ∗ is only a feasible solution of the same problem, we therefore have

Tr Wk−1 (Z∗k − Z∗ ) ≥ 0,

which further implies (26). This finishes the proof of the theorem.
It should be mentioned that our above results can be extended to scenario
of constrained clustering where the number of points in every cluster is
bounded. In such a case, we need to add some extra constraints on the
size of the clusters in the subproblem involved in Algorithm 2. Since the
discussion for constrained clustering follows a similar chain of reasoning as
in the proofs of Theorem 3.4, we leave the details to interested readers.
Before we close this section, we discuss briefly the complexity of Algorithm 2. In the first step of the algorithm, we need to perform the singular
value decomposition for the matrix W . In general, this takes O(n3 ) time. If
we use the power method [8] to calculate the first k − 1 largest eigenvalues
and their corresponding eigenvectors, then the complexity can be reduced
to O(kn2 ). However, in the context of the classical K-means clustering, we
can use the structure of the underlying matrix W to speed up the process.
Recall that for K-means clustering, we have W = Wx WxT where Wx ∈ ℜn×m
is a matrix such that every row represents a point in ℜm . In such a case, it
is not necessary to calculate the matrix W to estimate its eigenvalues and
eigenvectors exactly. Note that we can perform a singular value decomposition on the matrix Wx directly, which can proceed in the following way.
We first compute a matrix W̃ = WxT Wx ∈ ℜm×m which takes O(nm2 ) time.
It is easy to see that the matrix W̃ has the same spectrum as that of the
matrix W . Therefore, we can perform a singular value decomposition on W̃
directly such that
W̃ = V diag λ1 , · · · , λm V T ,
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where V ∈ ℜm×m is an orthogonal matrix such that every column is an
eigenvector of W̃ . This takes O(m3 ) time. We then calculate the matrix
Ũ = Wx V in O(nm2 ) time. One can easily verify that the i-th column
of the matrix Ũ is an eigenvector of W corresponding to eigenvalue λi .
Therefore, the total computational cost to calculate the eigenvalues and
their corresponding eigenvectors is O(nm2 + m3 ). If m is not very large,
say m < 1000 (which is true for most data sets in practice), then we can
obtain the eigenvalues and eigenvectors of W very quickly. However, this is
not true if we use some other kernel matrices such as in normalized cut.
Next we discuss the complexity in solving the subproblem in Algorithm 2.
We can use the hierarchical as suggested in [21] and perform a bi-clustering
task subsequently. As described in [20], the subproblem in Algorithm 2 for
bi-clustering can be done in O(n log n) time. Therefore, the total complexity
of the algorithm will be O(n log n + nm2 + m3 ). This allows us to cope with
extremely large data set in a reasonably high dimension (m < 1000).

4

Conclusions

In the present work, we presented a novel unified framework for spectral clustering and proposed two different approximation algorithms for solving the
unified 0-1 SDP model based on PCA and projected PCA, respectively. We
have shown that although both algorithms can provide a 2-approximation
to the original clustering problem, the algorithm based on projected PCA is
more efficiently. Our results not only open new avenues for solving spectral
clustering, but also provide insightful analysis for several existing algorithms
in the literature.
There are several open questions regarding the new 0-1 SDP model.
First, we note that there are several different ways to relax the 0-1 SDP
model that have not been investigated. For example, we can solve the relaxed model (14) to find an approximation solution, which will give us a
tighter bound than the relaxation based on PCA and projected PCA. However, it is unclear how to design a rounding procedure to extract a feasible
clustering and how to estimate the quality of the extracted solution. Secondly, both algorithms in the present paper require to solve the subproblems
exactly, which turns out still to be a challenge. More study is necessary to
address these questions.
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