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Abstract

The most computational intensive part of interior point methods for solving various kinds of optimization
problems is the solution of large linear systems. This note discusses several applications of linear systems
with low-rank updates which arise in interior point methods and can eÆciently be solved. It is also
brie y discussed how this method is related to the widely used Sherman-Morrison formula. The relation
with the normal equation and augmented system approach, used in interior point methods for linear
optimization to calculate the search directions, is discussed. Further, applications in potential reduction
methods, neural network training and conic quadratic optimization are discussed as well.
Linear programming, interior point methods, linear equation systems, positive de nite
matrix, rank-one update, Sherman-Morrison formula.
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0.1

Introduction

When applying an interior point method to solve optimization problems, large linear equation systems
like
Qx = q;

where Q is an n  n matrix and q 2 IRn turn up regularly. The coeÆcient matrix Q in such linear systems
is frequently sparse (less than 1% of the coeÆcients is nonzero). By exploiting the sparsity structure of Q
one can solve such linear systems with hundreds of thousands or even millions of variables. As the density
of the coeÆcient matrix increases, i.e. the percentage of nonzero coeÆcients increases, the eÆciency of
the solution procedures deteriorates. One possible way of getting a dense coeÆcient matrix is that the
original matrix Q is modi ed by a rank one (or more generally by a low-rank update) [9, 8, 19]. Even a
rank-one update by the all-one vector e results in the completely dense matrix Q + eeT ; without utilizing
this special structure, large linear systems with such coeÆcient matrices would not be solvable. Dense
matrices which are a sum of a sparse matrix plus some low-rank terms arise frequently in practice. In
fact as has been observed by Fiacco and McCormick [4, p. 185], then the Hessian of many functions can
easily be written as a sum of a diagonal matrix and some low-rank terms and they call such functions
factorable. This implies if an optimization problem containing only factorable functions is solved using a
Newton based method, then the coeÆcient matrix will contain low-rank terms. Moreover, the coeÆcient
matrix can frequently be written as a sum of a sparse matrix plus a dense low-rank update. This for
example happens when solving large linear optimization problems having dense columns using interior
point methods [2, 3, 6, 13, 16]. Contrary to our approach, dense linear systems obtained by low rank
updates are solved frequently by using preconditioned conjugate gradient methods [8].
This paper is organized as follows. In Section 0.2 the approach to solve linear systems with low-rank
updates is reviewed; see also [7]. Section 0.2.3 discusses how the method relates to a clever use of the
Sherman-Morrison [5] formula. In Section 0.3.1, the use of low rank updates in interior point algorithms
to solve linear optimization problems is discussed. In particular, eÆcient handling of dense columns in
the coeÆcient matrix of the linear optimization problem is considered. Finally, in Section 0.3 further
applications are discussed.
0.2

Solving Linear Systems with Low-rank Updates

In this section we rst review a method to solve linear systems with low rank updates. It can also be
found in [7]. Subsequently, for completeness we verify its correctness. Finally, the relation with the
well-known Sherman Morrison formula is made explicit.

0.2.1 The solution procedure
Large, typically sparse linear equation systems have to be solved in many applications of mathematics.
Frequently the coeÆcient matrix of a linear system is a low-rank update of a non-singular (in many cases
positive de nite) matrix. Here we discuss the solution of such linear systems. To be concrete, let us
consider the following system of linear equations with the unknown vector x 2 IRn ,
(Q + RS T )x = q;

(1)

where Q is an n  n matrix, R and S are n  k matrices and q 2 IRn are given. We make the following
assumptions.
Assumptions:

1. The matrix Q is nonsingular.
2. The rank of both R and S are equal to k  n.

3. The matrix Q + RS T is nonsingular.
4. The matrix Q is sparse, while RS T is dense.
We will see later that Assumptions 1{4 guarantee that the system (1) is solvable eÆciently.
As it is intuitively clear, solving a linear system

Qx = q;

(2)

where the sparse matrix Q is the coeÆcient matrix is computationally cheap, while directly solving
equation system (1) with the dense coeÆcient matrix is computationally expensive. Our primary goal is
to utilize the sparsity of the matrix Q. As the rst step we reformulate (1) as follows

Qx = q RS T x = q Ry:
For a moment neglecting the fact that the vector y = S T x depends on the unknown vector x we can
decompose the solution process into the following steps.
Step 1.

Determine x0 , the solution of the sparse system Qx0 = q .

Determine the solution of the sparse system QU = R, where U is an n  k matrix matrix of
unknowns.

Step 2.

Step 3.

Now we consider how to nd an appropriate vector y . By the de nition of y we have

y = S T x = S T (x0

Uy);

or equivalently, y is the solution of the system
(I + S T U )y = S T x0 :
Step 4.

(3)

Let U be the n  k matrix with column vectors uj . Then we have the solution

x = x0

Uy:

The above procedure involves the solution of k + 1 sparse linear systems (in Steps 1 and 2), all with the
same sparse coeÆcient matrix Q, hence these can be solved easily.
In the next section we will verify that the k -dimensional linear equation system (3) has a unique solution
and that in the way we just indicated, the linear equation system (1) can indeed be solved eÆciently.
Before doing that, let us make a simple estimation of the computational complexity under Assumption
4. By a direct approach the linear system (1) with a dense coeÆcient matrix can be solved in O(n3 )
arithmetic operations. Assume that the matrix Q is sparse and so the equation system Qx0 = q can be
solved in  < O(n3 ) arithmetic operations. We have to solve k + 1 such systems and a small dense system
with k unknowns. Thus the total complexity becomes (k + 1) + O(k 3 ). Note that, in many applications
matrix Q is either (multi)diagonal, or block-diagonal with small diagonal
p blocks. As a consequence one
has  = O(n). Indeed, p
in many of these cases p
it holds that k  O( n), so the total computational
complexity becomes O(n n), which is a factor n n better than the direct approach.

0.2.2 Veri cation
As it is proposed above the linear system (1) is solved by solving k + 1 linear equation systems with the
same coeÆcient matrix Q and a small k  k linear system as follows.
Let x0 2 IRn be such that Qx0 = q and uj 2 IRn such that Quj = rj for j = 1; : : : ; k , where rj denotes
the j th column of matrix R and nally, let y 2 IRk be such that (I + S T U )y = S T x0 . where I denotes
the k -dimensional identity matrix and U = [u1 ; : : : ; uk ]. We prove the following theorem.

Theorem 0.2.1

If Assumptions 1{3 hold then the unique solution of the linear system (1) is given by

x = x0

Uy:

First note that by Assumption 3 the solution x exists and it is unique. By Assumption 1, x0 and
the rj are unique as well. Further, by Assumption 2 the vectors rj ; j = 1; : : : ; k are linearly independent
and then, by Assumption 1, the solution vectors uj ; j = 1; : : : ; k are linearly independent as well,
i.e. rank(U ) = k . Now by proving that the coeÆcient matrix I + S T U is nonsingular we verify that y is
unique as well. Assume to the contrary that there is a nonzero vector w 2 IRk such that (I + S T U )w = 0,
or equivalently S T Uw = w. Then, by multiplying the nonsingular matrix Q + RS T by the nonzero
vector Uw and using Quj = rj we have

Proof:

(Q + RS T )Uw = (QU )w + R(S T Uw) = Rw

Rw

yielding a contradiction.
Finally by simple calculations the reader may verify that (Q + RS T )(x0
proof.

Uy) = q which completes the

0.2.3 The Sherman-Morrison Formula
There is an intimate relation between the solution procedure we reviewed and the well known ShermanMorrison formula [5], given below. For a survey of the Sherman-Morrison formula we refer the reader to
Hager [7].
Sherman-Morrison formula:

(Q + RS T )

1

=Q

1

Q 1 R (I + S T Q 1 R ) 1 S T Q

1

(4)

We can make two important observations.



Having proved the correctness of our procedure the Sherman-Morrison formula (4) can be derived
from our procedure. This can be done as follows. By de nition { we have x0 = Q 1 q , U = Q 1 R
and y = (I + S T U ) 1 S T x0 { the solution x is given by

x = x0

Uy = Q 1 q Q 1 R(I + S T U ) 1 S T x0 = (Q

1

Q 1 R(I + S T Q 1R) 1 S T Q 1 )q:

By Assumption 3 we can write x = (Q + RS T ) 1 q . Comparing this with the above expression and
observing that Theorem 0.2.1 holds for all right-hand-side vector q 2 IRn the Sherman-Morrison
formula (4) follows.



On the other hand, one can derive our procedure by carefully analyzing the Sherman-Morrison
formula (4). Using again that the solution of (1) can be written as x = (Q + RS T ) 1 q we have

x = (Q

1

Q 1 R(I + S T Q 1 R) 1 S T Q 1 )q:

Here all the \inverse matrix { vector" products have to be replaced by the solution of a linear
equation system. Thus we have the expression Q 1 q which is equivalent to x0 ; the expression
Q 1R which is equivalent to U ; and nally, having these done, the expression
(I + S T Q 1 R) 1 S T Q 1 q = (I + S T U ) 1 S T x0
which is equivalent to z .

0.3

Applications in Interior Point Methods

0.3.1 Normal Equations Versus Augmented System in Linear Optimization
When solving linear programming problems with interior point methods one has to solve at each iteration
[2, 3, 6], either the so-called normal equation
(AD 2 AT )x = q
or the so-called augmented system
0

AT

A
D2

!

x
x0

(5)

!

!

q

=

0

;

(6)

where matrix A is the m  n constraints coeÆcient matrix of the linear programming problem with
rank(A) = m, the matrix D is an appropriate n dimensional positive de nite diagonal matrix and
q 2 IRn . The exact values and de nitions of D and q are speci c for the di erent algorithmic variants.
The reader easily veri es that the solutions x of both systems (5) and (6) are identical.
Early implementations of interior point methods were based on the normal equation approach [12].
People recognized that dense columns of the matrix A result in unacceptable ll-in in the coeÆcient
matrix AD 2 AT of the normal equation. Let us have a closer look at this problem. For simplicity let us
assume that the problem is scaled in such a way that D = I , and that all the dense columns are the last
columns, thus matrix A can be partitioned as A = [As ; Ad ] where As contains the sparse and Ad contains
the dense columns. Now (5) gives
(As ATs + Ad ATd )x = q:
(7)
T
T
In the case As As is nonsingular, this system is in the form (1) with Q = As As , hence can be solved
eÆciently. Thus our procedure described above can be used eÆciently to handle dense columns in linear
programming when solved by interior point methods. When As ATs is singular a further trick will be
needed.
Having a closer look at the augmented system (6) an interesting observation can be made. By substituting
A = [As ; Ad ] we have
0
10 1 0 1
0 As Ad
x
q
B
(8)
@ ATs I 0 C
AB
@ x1 C
A=B
@ 0 C
A:
T
2
Ad 0 I
x
0
By performing the pivots at the central unit matrix block we have

0
10 1 0 1
As ATs 0 Ad
x
q
B
@ ATs I 0 C
AB
@x C
A=B
@ 0 C
A;

(9)

1

ATd

0

I

i.e. one has to solve the system

As ATs Ad
ATd
I

x

!

x
x2

0

2

!
=

q

0

!

:

(10)

If in (10) we would pivot on the unit matrix block we would get
the dense normal equation (7). Instead, assuming (again, as above) that the matrix Q = As ATs is
nonsingular, we pivot on the left upper block which results in

The sparse part is nonsingular.

I

Q 1Ad
0 I + ATd Q 1 Ad

!

x
x2

!

=

Q 1q
ATd Q 1 q

!

:

(11)

Now the reader readily recognizes that the right hand side of (11) can be calculated by solving
Qx = q and one obtains x0 = Q 1 q. Similarly, the matrix U = Q 1 Ad can easily be calculated
as well, and then clearly the equation (I + ATd Q 1 Ad )x2 = ATd x0 is equivalent to solving (I +
ATd U )x2 = ATd x0 . Hence our procedure can be interpreted as a speci c implementation of the
augmented system approach.1
In the case As ATs is singular, we cannot apply the above procedure. To
handle this case eÆciently a clever trick of K.D. Andersen [3] is needed. The solution process up
to formula (10) can be performed independently of the (non)singularity of As ATs , but then, due to
the singularity of As ATs we cannot pivot on this block. To ensure the nonsingularity of this sparse
block a nonsingular, possibly diagonal subsidiary matrix H is used. The reader easily veri es that
the system
0
10 1 0 1

The sparse part is singular.

B
@

As ATs HH T Ad H
ATd
I 0
T
H
0 I

x

C
AB
@x C
A=B
@
2

x

0

q

0
0

C
A;

(12)

is equivalent to the linear system (10), but here the sparse left-upper block is nonsingular, thus our
procedure is applicable again.2

0.3.2 Karmarkar's Potential Function in Combinatorial Optimization
Let us consider the binary feasibility problem (BFP).
(BFP)

nd x 2 f 1; 1gn such that Ax  b.

Here A 2 IRtn , b 2 IRt . Problems in this format are also considered in [8, 9]. Karmarkar [8, 9] presented
a potential reduction algorithm to solve problems of the form (BFP). After relaxing the integrality
constraints to linear constraints e  x  e (here e denotes the all-one vector of length n), he proposed
to optimize a nonconvex potential function in order to get integer solutions. Let us assume that an
interior solution x (i.e. Ax < b, e < x < e) is given. Then Karmarkar's potential function is given by

p

(x) = log n xT x

m
1 X

m j=1

sj ;

(13)

where the variables sj are the slack variables associated with all the inequality constraints involved in
the relaxed problem (note that m := t + 2n and the slack variables are sj = bj aTj x; 1  j  t;
sj = 1 xj t ; t + 1  j  t + n; and sj = 1 + xj (t+n) ; t + n + 1  j  t + 2n). To minimize
Karmarkar's potential function (13) a trust region algorithm is implemented. In this algorithm linear
systems involving the Hessian of (13) as the coeÆcient matrix, are solved repeatedly. This Hessian matrix
is given by
1
2 T
1
H () =
I
xx + ( + )AT S 2 A;
2

f0

f0
m
where f0 = n xT x, A = (AT ; I; I )T and S is the diagonal matrix of the slack variables (for more
details see [8, 9, 19]). Due to the term xxT the matrix H is completely dense. Assuming that matrix A
T
is sparse, the matrix H () is a rank-one update of the sparse matrix f10 I + ( m1 + )A S 2 A, hence

the theory discussed in this paper is applicable to minimize Karmarkar's potential function eÆciently.

Observe that in actual implementations of the augmented system approach the last mentioned pivots on the block
Bunch-Parlett
factorization automatically does the job of eÆciently handling dense columns in interior point methods.
2 Note that if the linear optimization problem is preprocessed so that the problem is transformed to the canonical
(inequalities and nonnegative variables)
form, then this trick is not needed. In this case the left upper sparse block of the
linear system has the form As ATs + D, where D is a positive diagonal matrix. Because this matrix is nonsingular, our
procedure is applicable without further adjustment.
1

As ATs are not performed explicitly; instead, a Bunch-Parlett factorization is made. The augmented system approach with

However, an additional requirement has to be satis ed; namely the parameter  must be such that H ()
is positive semide nite, while at the same time the norm of the solution x = (H ()) 1 h (here h denotes
the right hand side of the linear system) must be suÆciently large. Note that this norm decreases when 
increases. Thus, it is not possible just to choose a large value for  (to make sure that H () is positive
semide nite). Now we show that we can use the rank-one update scheme and still check whether H ()
is positive de nite.
We have the following theorem.

Assume that R 2 IRnn is symmetric. Then R
R is positive de nite and z T R 1 z < 1.

Theorem 0.3.1

zz T is positive de nite if and only if

Using the well known Schur complement reformulation we know that R zz T is positive de nite
if and only if the matrix
"
#
Proof:

R z
zT 1

is positive de nite. Thus, R must be positive de nite and it easily follows that z T Rz < 1, or equivalently,
z T R 1z < 1 if and only if R zz T is positive de nite.
Hence we obtain the following scheme to solve the system
(R
with the additional condition that R

zz T )x = q;

(14)

zz T be positive semide nite.

1. Determine the Cholesky factor U of R. If during this process R is discovered to be non positive
de nite, stop.
2. With the help of U , solve Rx0 = z . If z T R 1 z = z T x0  1, R
stop.

zz T is not positive semide nite, so

3. Solve Rx1 = q , again using U .
4. Let

T
:= 1 x1xTz z . Then x = x1 + x0 solves system (14).
0

This technique is used in the computational results reported in [19].

0.3.3 An application in unsupervised neural network training
In unsupervised neural network training, the objective is to categorize or discover features or regularities
in a given set of training data. An approach proposed by Linsker [10] is to maximize the output variance.
This gives rise to a nonconvex quadratic optimization problem of the following form.
minimize 21 (C + eeT )x + cT x
subject to 0  x  e:
Here the matrix C is related to the auto correlation matrix which is (in this case) negative de nite. In
[17] a potential reduction approach to solve the above problem is developed. This involves solving linear
systems with the matrix C + eeT as a coeÆcient matrix. Obviously, if C is sparse, the technique described
in this paper can be used to speedup the computations.

0.3.4 Markowitz portfolio model
The well-known Markowitz portfolio problem can be modelled by the following convex quadratic optimization problem
minimize 21 jjF xjj2 + cT x
(15)
subject to Ax = b;
x  0;

where A is either just the all-one vector (A = eT ) or a matrix with signi cantly less rows than columns.
F is a k  n dense matrix, where in practice k quite frequently is much smaller than n. Now if (15)
is solved using one of the popular interior point methods [15], then in each iteration a linear equation
system having the coeÆcient matrix
A(D + F T F ) 1 AT
should be solved. In this case D is a positive de nite diagonal matrix. One possible way of solving (0.3.4)
is of course to form the inverse of (D + F T F ) explicitly. However, the technique presented in Section
0.2 is directly applicable which in this case leads to computing the inverse (or a Cholesky factorization)
of a k  k matrix instead of a n  n matrix. Given k is much smaller than n a large computational
saving is realized. It should be noted that Fiacco and McCormick [4, p. 186] and later Vanderbei and
Carpenter [18, p. 22] have noted that this particular structure in the portfolio optimization problem can
be exploited to speed up the computations.

0.3.5 Conic quadratic optimization
Recently, so-called conic quadratic optimization or second order cone optimization has received much
attention due to the wide applicability of the model, see [11]. A conic quadratic optimization problem
can be stated as follows
p

X

minimize

i=1

subject to
where

xi =

"

xi0
xi1

#

(ci )T xi

p
X
i=1

(16)

Ai xi = b;

xi 2 K i ; for i = 1; : : : ; p;

2 Rni

and K i = f(x0 ; x1 ) 2 Rni :

x0  jjx1 jjg

(17)

is known as the Lorentz cone, the second order cone, or simply the ice-cream cone. These problems can
be solved eÆciently using either a primal, a dual, or a primal-dual interior point method, see [14, 20]
for details. These three algorithms have in common that in each iteration a system of linear equations
having the coeÆcient matrix
p
X
i=1

should be solved where

Ai H i Ai

(18)

H i = i I + (vi )(vi )T 2 i ei1 (ei1 )T :
(19)
Clearly H i is symmetric and it is known H i is positive de nite. i is a positive scalar, v i is an arbitrary
possible dense vector and nally ei1 is the rst unit vector. For simplicity we assume I , v i , and ei1 are all
of an appropriate dimension. H i is the inverse of the Hessian of the barrier related to the ith cone K i .
Clearly, H i is essentially identical to the identity matrix plus a rank 2 term. Therefore, (18) is identical
to

p
X
i=1

Ai H i (Ai )T =

p
X
i=1

i Ai (Ai )T +

p
X

p
X

i=1

i=1

(Ai v i )(Ai v i )T

2 i (Ai ei1 )(Ai ei1 )T :

It can be assumed without loss of generality, that

A = [A1 A2 : : : Ap ]
is of full row rank. This implies that

p
X
i=1

i Ai (Ai )T

(20)

is a positive de nite matrix. Note that the matrix (20) has the same sparsity pattern as AAT which
implies that if A is a sparse matrix without dense columns, then AAT is likely to be a sparse matrix.
In the case the matrices H i is of a fairly small dimension say less than 10 or A contains few rows or is
dense, then the most eÆcient solution method is based on computing a Cholesky factorization of (18)
directly. However, in the case H i has a fairly large dimension and the matrix A contains many rows,
then it is likely to be more eÆcient to compute an inverse (or
P a Cholesky factorization) of (20) and
then use the low-rank technique to handle the low-rank terms pi=1 ((Ai v i )(Ai v i )T + (Ai ei1 )(Ai ei1 )T ). In
particular this is advantageous if p is small compared to the total number of variables in the problem
under consideration. This may for example be the case in robust linear least squares problems [11, p.
13].
Obviously it also possible to use a hybrid strategy based on handling the small dimensional blocks directly
and the large dimensional blocks by the low-rank update technique.
We conclude this section by mentioning that similar observations were recently made by Alizadeh and
Schmieta [1].
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